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Abstract 

Many important invariants for matroids and polymatroids, such as the Tutte 
polynomial, the Billera-Jia-Reiner quasi-symmetric function, and the invariant 
Q introduced by the first author, are valuative. In this paper we construct the 
Z-modules of all Z- valued valuative functions for labeled matroids and polyma- 
troids on a fixed ground set, and their unlabeled counterparts, the Z-modules of 
valuative invariants. We give explicit bases for these modules and for their dual 
modules generated by indicator functions of polytopes, and explicit formulas 
for their ranks. Our results confirm a conjecture of the first author that Q is 
universal for valuative invariants. 
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1. Introduction 

Matroids were introduced by Whitney in 1935 (see [sij) as a combinatorial 
abstraction of linear dependence of vectors in a vector space. Some standard 
references are [s^ and [l^. Polymatroids are multiset analogs of matroids 
and appeared in the late 1960s (see d, [Hj). There are many distinct but 
equivalent definitions of matroids and polymatroids, for example in terms of 
bases, independent sets, fiats, polytopes or rank functions. For polymatroids, 
the equivalence between the various definitions is given in [13] . Wc will stick to 
the definition in terms of rank functions: 

Definition 1.1. Suppose that X is a finite set (the ground set) and rk : 2"^ — >■ 
N = {0, 1, 2, . . . }, where 2^ is the set of subsets of X. Then (X, rk) is called a 
polymatroid if: 

1. rk(0) = 0; 
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2. rk is weakly increasing: if A C B then rk(A) < rk(i3); 

3. vk is submodular. rk(AUB) +rk(An_B) < rk(A) +rk(B) for all A, B C X. 

If moreover, rk({a;}) < 1 for every x G X, then (X, rk) is called a matroid. 

An isomorphism Lp : [X^rkx) (^jrky) is a bijection (/3 : X y such that 
rky oip = rkjf . Every polymatroid is isomorphic to a polymatroid with ground 
set d = {1,2,. for some nonnegative integer d. The rank of a polymatroid 
(X,rk) is rk(X). 

Let S'pM('i, be the set of all polymatroids with ground set d of rank r, 
and SM{d,r) be the set of all matroids with ground set d of rank r. We will 
write S(j,'^yi{d,r) when we want to refer to S-pM{d,r) or Su.{d,r) in parallel. A 
function / on S(y)M{d,r) is a (poly)matroid invariant if /((d, rk)) = /((d, rk')) 
whenever (d, rk) and (d, rk') are isomorphic. Let 5^p^(d, r) be the set of iso- 
morphism classes in S(p)M{d,r). Invariant functions on S(p)M(,d,r) correspond 
to functions on S^p^^{d,r). Let Z(p)M(d, r) and Z^p^{d,r) be the Z-modules 
freely generated by S'(p)M(d, J') and S'^p"J^(d, r) respectively. For an abelian 
group A, every function / : S'|p'^^'' (d, r) —> A extends uniquely to a group ho- 

momorphism ^^p^^^ (d, r) — > A. 

One of the most important matroid invariants is the Tutte polynomial. It 
was first defined for graphs in (2^ and generalized to matroids in [3, Q . This 
bivariate polynomial is defined bjo 

r((X,rk)) = (x- l)'-''W-*(^)(2/- l)l^l--''(^). 

ACX 

The Tutte polynomial is universal for all matroid invariants satisfying a deletion- 
contraction formula. Speyer defined a matroid invariant in [26| using if-theory. 
Billera, Jia and Reiner introduced a quasi-symmetric function T for matroids in 
which is a matroid invariant. This quasi-symmetric function is a powerful 
invariant in the sense that it can distinguish many pairs of non-isomorphic 
matroids. However, it does not specialize to the Tutte polynomial. The first 
author introduced in Q another quasi-symmetric function Q. For some choice 
of basis {Ua} of the ring of quasi-symmetric functions, Q is defined by 

g((X,rk)) ==^C/,(x), 

where 

X:9 = XaCXiC---CXd=X 
runs over all d! maximal chains of subsets in X , and 

r{X) = (rk(Xi) - rk(Xo),rk(X2) - rk(Xi), . . . ,rk(Xrf) - rk(Xrf_i)). 
■^Regarded as a polynomial in x — 1 and y — 1, T is known as the rank generating function. 
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It was already shown in [7| that Q speciahzes to T and T. 

To a (poly)niatroid (d, rk) one can associate its base polytope Q(rk) in Mf^ 
(see Definition 12. 2p . For d > 1, the dimension of this polytope is < — 1. The 
indicator function of a polytope 11 C R'* is denoted by [11] : M."^ ^ Z. Let 
P(p)M{d,r) be the Z-module generated by all [Q(rk)] with (rf, rk) e 5(p)M(rf, ?')• 



Definition 1.2. Suppose that A is an abelian group. A function / : Si^pjM{d,r) 
A is strongly valuative if there exists a group homomorphisni / : P(p)m(o'i r) ^ A 
such that 

/((d,rk)) =/([Q(rk)]) 

for all (d, rk) G 5(p)M(rf, ?')• 

In Section [3] we also define a weak valuative property in terms of base poly- 
tope decompositions. Although seemingly weaker, we will show that the weak 
valuative property is equivalent to the strong valuative property. 

Definition 1.3. Suppose that d > 0. A valuative function / : S'(p)M(d, r) A 
is said to be additive, if /((d, rk)) = whenever the dimension of (5(rk) is 
< d- 1. 

Most of the known (poly)matroid invariants are valuative. For example, 7", 
T and Q all have this property in common. Speyer's invariant is not valuative, 
but does have a similar property, which we will call the covaluative property. 
Valuative invariants and additive invariants can be useful for deciding whether a 
given matroid polytope has a decomposition into smaller matroid polytopes (see 
the discussion in [2|, Section 7]). Decompositions of polytopes and their valua- 
tions are fundamental objects of interest in discrete geometry in their own right 
(see for instance the survey 



in the work of Lafforgue ( |13l . 
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). Matroid polytope decompositions appeared 
141 ) on compactifications of a fine Schubert cell in 
the Grassmannian associated to a matroid. The work of Lafforgue implies that 
if the base polytope of a matroid does not have a proper decomposition, then 
the matroid is rigid, i.e., it has only finitely many nonisomorphic realizations 
over a given field. 

Main results 

The following theorem proves a conjecture of the first author in 0] : 

Theorem 1.4. The Q-invariant is universal for all valuative (poly)matroid in- 
variants, i.e., the coefficients ofQ span the vector space of all valuative (poly)matroid 
invariants with values in Q. 

From Q one can also construct a universal invariant for the covaluative property 
which specializes to Speyer's invariant. 

It follows from the definitions that the dual P(p)m('^7 r)^ = llomz{P{p)M{d, r),Z) 
is the space of all Z- valued valuative functions on 5'(p)m('^i '')■ K ^(p)m('^''') 
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the push-out of the diagram 



^(P)M(rf, r) ^(P)li(c^. (1) 



then the dual space P^p^{d,r)'^ is exactly the set of all Z- valued valuative 
(poly)niatroid invariants. Let p^p'J^((i, r) be the rank of P^''p^((i, r), aiidp(^p)M{d,r) 
be the rank of P(p^M{d,r). Then P^^j^{d,r) is the number of independent Z- 
valued valuative (poly)matroid invariants, and P(p)Mid,r) is the number of in- 
dependent Z-valued valuative functions on (poly)matroids. We will prove the 
following formulas: 



Theorem 1.5. 

a. pTid,r) = (^) and J] pT\d,r)x'''^y^ = - 



1 



0<r<d 



u sym/. \ I \ ^ ) ifd>lorr>l; , 



PM{d,r) ^ _ x~y 



^-^ d\ ^ xe ^ ~ ye y ' 

0<r<d ^ 



r (. 

d. ppM{d,r) = < ^ 



{r + lf-r'^ ifd>l or r > 1; 

i/ d = r 0, 



OO OO 



^ ^ d\ 1 - ye^ ' 

We also will give explicit bases for each of the spaces P(p)m {d^ r) and ^'(''p^ {d, r) 
and their duals (sec Theorems 15.41 [6731 Corollaries 15.51 [576| 16.61 163]) . 
The bigraded module 

Z{p)M = ^ ■Z'(p)M(d, r) 

d,r 

has the structure of a Hopf algebra. Similarly, each of the bigraded modules 
Z{P)M' P(P)M and -Pj'p)^ has a Hopf algebra structure. The module Z'^p^^ 
the usual Hopf algebra of (poly)matroids, where multiplication is given by the 
direct sum of matroids. 

In Sections|8|and|9]we construct bigraded modules T'(p)m Stnd T^p^ such that 
T(p)M{d, r)^ is the space of all additive functions on >5'(p)m('^, f) and T^p^{d, r)^ 
is the space of all additive invariants. Let t(p)M(o'i ^) be the rank of T(^p^j{d, r) 
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and t^p™j^^ (d, r) be the rank of T^p^j^{d,r). Then t(^p)M{d,r) is the number of 
mdependent additive functions on (poly)niatroids, and i^p™j^((i, r) is the num- 
ber of independent additive invariants for (poly)matroids. We will prove the 
following formulas: 

Theorem 1.6. 



We will also give explicit bases for the the spaces Tyi{d^r) and Tpyi{d,r) in 
Theorem mi and of the dual spaces T^'^\d,rY (g)z Q, T^^{d,ry ®i Q in 
Theorem Hn^l 

For Q-valued functions we will prove the following isomorphisms in Sec- 



Theorem 1.7. Let uq, ui, U2, . ■ . be indeterminates, where Ui has bidgree (1, i). 
We have the following isomorphisms of bigraded associative algebras over Q: 

a. The space (-P^/™)^ (8)z Q of Q-valued valuative invariants on matroids is 
isomorphic to Q{{uo,ui)) , the completion (in power series) of the free 
associative algebra generated by Uo,ui. 

b. The space (-Pp^")^ <8iz Q of Q-valued valuative invariants on polymatroids 
is isomorphic to Q{{uo, ui,U2, ■ ■ ■))■ 

c. The space (I'm ®z Q of Q-valued additive invariants on matroids is 
isomorphic to Q{{uq, ui}}, the completion of the free Lie algebra generated 
by Wo, Ml- 

d. The space (Tp^")^ ®z Q of Q-valued additive invariants on polymatroids 
is isomorphic to Q{{uo, ui, 1*2, •••}}• 

Tables for P(p)m, P(p)m' ^(P)m, ^(p^m gi'^™ in [Appendix B| 

An index of notations used in this paper appears on page 1511 To aid the 
reader in keeping them in mind we present an abridged table here. In a notation 
of the schematic form Letterg^{^'''^((i, r) : 



0<r<d 



h. TT(i - xV)*™ ^''■'■^ = — 




tion[TOl 
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The letter S refers to the set of *-matroids 

Z the Z-module with basis aU *-niatroids 

P the Z-module of indicator functions of *-matroids 

T the Z-module of indicator functions of *-niatroids, 

modulo changes on subspaccs of dimension < d — 1 
with ground set d of rank r. If the letter is lowercase, we refer not to the Z- 
module but to its rank. 
The subscript M means the *-matroids are matroids 

PM polymatroids 
MM mcgamatroids fPef. [2?T]): 

additionally, when we want to refer to multiple cases in parallel, 
the subscript (P)M covers matroids and polymatroids 

*M matroids and poly- and mega-matroids. 

The superscript sym means that we are only considering *-matroids up to 
isomorphism. 



2. Polymatroids and their polytopes 

For technical reasons it will be convenient to have an "unbounded" analogue 
of polymatroids, especially when we work with their polyhedra. So we make the 
following definition. 

Definition 2.1. A function 2"^ — s- Z U {oo} is called a megamatroi^ if it has 
the following properties: 

1. rk(0) = 0; 

2. rk(X) e Z; 

3. rk is submodular. if rk(A), rk(B) S Z, then rk(A U B), rk(A n B) G Z and 
rk(A \JB)+ rk(^ C^ B) < rk(A) + rk(B). 

Obviously, every matroid is a polymatroid, and every polymatroid is a mega- 
matroid. The rank of a megamatroid (X, rk) is the integer rk(X). 

By a polyhedron we will mean a finite intersection of closed half-spaces. A 
polytope is a bounded polyhedron. 

Definition 2.2. For a megamatroid (rf, rk), we define its base polyhedron Q(rk) 
as the set of all {yi, . . . ,yd) G R*^ such that yi + y2 + ■ ■ ■ + yd = rk(Ar) and 
J2^eA < rk(A) for aWACX. 

If rk is a polymatroid then <5(rk) is a polytope, called the base polytope of rk. In 
Q , Edmonds studies a similar polytope for a polymatroid (d, rk) which contains 
Q(rk) as a facet. 

Lemma 2.3. //(d, rk) is a megamatroid, then (3(rk) is nonempty. 



'^A more appropiate terminology would be apeiromatroid, but apeiromatroid simply does 
not sound as good as megamatroid. 
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Proof. First, assume that rk is a megamatroid such that r.i := rk(z) is finite 
for i = 0, 1, . . . , d. We claim that 

y = {ri - ro,r2 - ri, . . . ,rrf - rd-i) G Qirk). 

Indeed, if ^ = {ii, . . . , i^} with 1 < ii < ■ • ■ < < d then, by the submodular 
property, we have 

k 

iGA j=l 
k 

- ^Min^-'-^i]}) -rk({ii,...,ij_i}) =rk({ii,...,ifc}) = rk(A). 

i=i 

where the inequality holds even if the right hand side is infinite. 
Now, assume that rk is any megamatroid. Define rk^ by 

rk^(^)= mmrk(X) + iV(|A|-|X|). (2) 

Let N be large enough such that rk^(rf) = rk(d). If ^, _B C d, then we have 

rk^(A) = rk(X) + N{\A\ - \X\), rk'^ (B) = rk(r) + N{\A\ - 
for some X C A and some Y C B. It follows that 

rk^(AnS) +rk"(ylUB) 

< Tk{X nY) + N{\A r\B\-\Xn Y\) + rk(X UY) + N{\A U B\ - \X U Y\) 
= rk{X r\Y)+ Tk{X UY) + N{\A\ + \B\ - \X\ - \Y\) 
< rk{X) + rk(y) + iV(|yl| + \B\ - \X\ - \Y\) = rk^(A) + rk^(B). 

This shows that rk^ is a megamatroid. Since rk^(A) < rk(yl) for aU A C d, 
we have Q(rk^) C (5(rk). Since rk^(A) < oo for all A C d, wc have that 
g(rk^) 7^ 0. We conclude that 0(rk) ^ 0. 

A megamatroid (d, rk) of rank r is a polymatroid if and only if its base 
polytope is contained in the simplex 

ApM(d,r) = {{yi,...,yd) & K."^ \ yi, ■ ■ ■ ,yd > 0, yi + y2 + ■ ■ ■ + yd = r} 

and it is a matroid if and only if its base polytope is contained in the hyper- 
simplex 

AM(d,r) = {(yi,...,yd) e^'^ \ < Vi, ■ ■ ■ ,yd < 1, Vi + y2 + ■ ■ ■ + Vd = r}. 

If (d, rk) is a matroid, then a subset A C d is a basis when rk(A) = \A\ = 
rk(d). In this case, the base polytope of (d, rk) is the convex hull of all J2i£A 
where A C d is a basis (see [9|). The base polytope of a matroid was character- 
ized in (qI: 
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Theorem 2.4. A polytope 11 contained in AMid,r) is the base polytope of a 
matroid if and only if it has the following properties: 

1. The vertices ofH have integral coordinates; 

2. every edge of II is parallel to — ej for some i,j with i ^ j- 

We will generalize this characterization to meganiatroids. 

Definition 2.5. A convex polyhedron contained in yi + ■■■ + yd ~ r is called 
a megamatroid polyhedron if for every face F of 11, the linear hull Ihull(i^) is of 
the form z + W where z ^ifi and W is spanned by vectors of the form — Cj . 

The bounded megamatroid polyhedra are exactly the lattice pol ytop es among 
the generalized permutohedra of |2l| or the submodular rank tests of [l9| . General 
megamatroid polyhedra are the natural unbounded generalizations. 

Faces of megamatroid polyhedra are again megamatroid polyhedra. If we 
intersect a megamatroid polyhedron 11 with the hyperplane yd = s, we get 
again a megamatroid polyhedron. For a megamatroid polyhedron 11, define 
rkn : 2^^ Z U {cx^} by 

rkn(A) := swp{J2^^^yi \y eU}. 



Lemma 2.6. Suppose thatll is a megamatroid polyhedron, A C B anrfrkn(j4) < 
oo. Let F be the face of II on which "Ylii^AVi maximal. Then 

rkn(B) = rk^^(B). 

Proof. If rkpiB) = oo then rkn(i3) = oo and we are done. Otherwise, there 
exists a face F' of F on which X^ies maximal. Suppose that rkp^B) < 
rkn(i3). Define g{y) := J2ieB Vi ~ Tkp{B). Then g is constant on F' , and 
g{y) > for some y <E H. Therefore, there exists a face F" of 11 containing F' , 
such that dimi^" = dimF' + 1 and g{z) > for some z £ F" . Clearly, z ^ F 
and F does not contain F". We have lhull(F") = IhuU(F') +M(efc - e^) for some 
k ^ j. By possibly exchanging j and k, we may assume that F" is contained in 
Ihull(F') +R+(efc — ej), where denotes the nonnegative real numbers. Since 
z G Ihull(F') +E+(efc — Cj) and g{z) > we have k ^ B and j ^ B. In particular 
j ^ A, which means that J2ieA Vi - ^^n{A) for all y e F", so F" C F. This is 
a contradiction. We conclude that rki?(i?) = rkn(i?)- 

Lemma 2.7. Suppose that f{y) = X]j=i "^i X^ieXj Vi where 

X : C Xi C X2 C • ■ • C = d 

is a maximal chain, and ai. . . . , a^-i > 0. For a megamatroid polyhedron H we 
have 

d 

sup/(2/) = ^ajrkn(Xj). 
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Proof. First, assume that 11 is bounded. Define Fq = 11, and for j = 1, 2, . . . , d, 
let Fj be the face of Fj-i for which X^igx 2/i is maximal. By induction on j and 
Lemma [2761 we have that ikp^ (Xi) = rkn(Xi) for all j < i. Also, Fj is contained 
in the hyperplane defined by the equation X^iex y« ~ ^^Fj-ii-^j) ~ rkn(Xj). 
We have F^ = {z} where z ~ (zi, . . . , z^) is defined by the equations 

^ Zj rkn(Xj), j = l,2,...,d. 

ieXj 

It follows that 

d d 
f{z) = ^ajJ2 ^3 = XI i'kn(^j)- 

Suppose that 11 is unbounded. Let Hjv be the intersection of H with the 
set {y G R'' I ?/j < A^, i = 1, 2, . . . , d}. Now Hat is a bounded meeamatroid 
polyhedron for large positive integers N . (For small N , Hat might be empty.) 
We have 

d d 

sup/(2/) = sup sup /(y) = sup Vttj rkn„(Aj) = Vofj rkn(Aj). 
yen TV yen„ ^ j^i 

Corollary 2.8. //H is a megamatroid polyhedron, then rkn is a megamatroid. 

Proof. For subsets A,BCd, choose a maximal chain X such that Xj = ACiB 
and Xk = A U i? for some j and k, and let 

fA{y)=^yi, fB{y)^^y,, f{y)= ^ ^ Vt = fA{y) + fsiy)- 

By Lemma [2.71 

rkn (A) + rkn(B) = sup /^(y) + sup fsiv) 
yen yen 

> sup f{y) = rkn(^ n B) + rkn(A U B). 
yen 

Proposition 2.9. convex polyhedron H m i/ie hypersurface j/i+y2 + ' • ■+?yd = 
r is a megamatroid polyhedron if and only ifll = Q(rk) for some megamatroid 
rk. 

Proof. Suppose that H is a megamatroid polyhedron. Then rkn is a mega- 
matroid by CoroUarv 12.81 Clearly we have H C (5(rkn). Suppose that f{y) = 
Sf=i (^iVi is a linear function on the hypersurface yi + ■ ■ • + yd = i'- Let cr be a 
permutation of d such that ao-(i) > Q;cr(j") f^or i < j. Define Xk = {c(l), . . . , o'(fc)} 
for A: = 1, 2, . . . , d. We can write 

d 
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where /3j := a^rO) - "rrO+i) > for j = 1, 2, . . . , d - 1 and Pd = 
By Lemma [2T7l we have 

d d 

sup/(2/) = rkn(Xj) > sup ^Pj^Zi^ sup /(z). 

yen ^.^-^ z^Q(i\^u) j^i i^x, ^SQCrkn) 

Since 11 is defined by inequahties of the form f{y) < c, where / is a hnear 
function and c = sup^^^jj /(y), we see that Q(rkn) C H. We conclude that 
Q(rkn) = n. 

Conversely, suppose that rk is a megamatroid, and that F is a face of Q(rk). 
Choose y in the relative interior of F. Let Sp denote the set of all subsets A of 
d for which J2i£A Vi — rk(A). Note that 0, d S Sp- The linear hull of F is given 
by the equations 

Wc claim that S*^ is closed under intersections and unions, li A,B G Sp, 
then we have 

( y.-rk(AnB)) + ( y^^MAuB))^ 

i£AnB ieAuB 
iGA i£B 

Tk{A) + rk{B) - Tk{A (IB)- Tk{A U B) > 

by the submodular property. Since J^ieAnB Hi ~ ^A fl B) and J^ieAuB ~ 
rk(^ U B) are nonpositive, we conclude that A{^ B^A^J B ^ Sp and 

vk{A) + vk{B) = rk(yl r\ B) + vk[A U B). 

Let us call A G Sp prime if A is nonempty and not the union of two proper 
subsets in Sp. Let Pp be the set of primes in Sp. li C = AVJ B, then 

iec 

follows from the equations 

Yy^=MA), =rk(i3), ^ y,=rk{AnB). 

ieA i£B i£AnB 

Let Ci, C2, . . . , Cfc be all prime sets in Sp. It follows that the linear hull of F 
is defined by all the equations 

^y, = rk(Q), J = 1,2,..., A;. 

Every element of Sp is a union of some of the Cj's. For every j, let Bj be 
the largest proper subset of Cj which lies in 5*^. Define Aj = Cj \ Bj and 
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Tj = rk(Cj) — ik{Bj). Then Ai U ■ ■ ■ U Ak = d is a partition of d, and every 
element of Sp is a union of sonic of the Aj^s. The hnear huh of F is defined by 
the equations 



Clearly, Ihull(F) contains some integral vector z and Ihull(i^) is equal to 

z + W where W is the space spanned by all — ej where i,j are such that 
i,j G Ak for some k. 

3. The valuative property 

There are essentially two definitions of the valuative property in the liter- 
ature, which we will refer to as the strong valuative and the weak valuative 
properties. The equivalence of these definitions is shown in and [2^ when 
valuations are defined on sets of polyhedra closed under intersection. In this 
section we will show the two definitions equivalent for valuations defined on 
megamatroid polytopes, which are not closed under intersection. 

Definition 3.1. A megamatroid polyhedron decomposition is a decomposition 

n = Hi U Ha U • • • u 

such that n, Hi , . . . , 11^ are megamatroid polyhedra, and 11^ H Hj is empty or 
contained in a proper face of 11^ and of II j for all i =^ j. 

Let S'mm('^, t) be the set of megamatroids on d of rank r. Let Zmm('^, f) be 
the Z- module whose basis is given by all (rk) where rk 6 SMMid,r). 
For a megamatroid polyhedron decomposition 



we define H/ — Hig/ if / C {1,2,..., k}. We will use the convention that 
n0 = n. Define 




n = Hi U Ha U • • • U Hfe 





7C{l,2,...,fc} 



where mj ~ (rk^) if rk^ is the megamatroid with Q(rk^) ~ II j, and mj = if 
Hj = 0. Wc also define 



TOcovai(n;ni, . . . ,nfc) = (rkn) - y^(rk_F). 



F 



where F runs over all interior faces of the decomposition. 
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Definition 3.2. A homomorphism of abelian groups / : ZMM{d,r) — > A is 
called weakly valuative, if for every meganiatroid polyhedron decomposition 

n = Hi U Ha U • • • U Hfe 

we have /(TOvai(n; Hi, ... , life)) — 0. We say it is weakly covaluative, if for every 
megamatroid polyhedron decomposition 

n = Hi U Ha U • • • U Hfe 

we have /(mcovai(n; Hi, ... , 11^)) = 0. 

We define a group homomorphism 

E : Zuuid, r) ZmmC^, r) 

by 

i?((rk))=^(rM 

F 

where F runs over all faces of (5(rk) and rkj? is the megamatroid with Q(rk^) = 
F. For a polytope 11, we denote the set of faces of 11 by face(n). 

Lemma 3.3. The homomorphism f : ZMuid^r) A of abelian groups is 
weakly valuative if and only if f o E is weakly covaluative. 

Proof. We have 

i;(TOvai(n;ni,...,nfe)) = ^ {-iy'\E{mi) = 

/C{l,2,...,fe} 

= E (-1)'" E (i-M = E(^-M E (-1)"' (3) 

7C{l,2,...,fc} _Fefacc(n/) -F /C{1.2,...,fc}; 

Fefaco(n/) 

Let J{F) be the set of all indices i such that is a face of 11^. Suppose that F 
is a face of H. Then J{F) if and only if F H. We have 

E (-1)"' = E (-1)"' = 

/C{1.2 fe}; IQJ{F) 

_F6facc(n7) 

If F is an interior face, then J{F) ^ and 

E (-1)'"= E (-i)'" = -i- 

7C{l,2,...,fc}; I<ZJ(F)-lTt$ 
_Feface(n/) 

We conclude that 

£;(TOvai(n;ni,...,nfe)) = (rkn) -^(rkj.) — ^coval 

(n;ni,...,nfc) 

F 

where the sum is over all interior faces F. The lemma follows. 



J 1 ifF = n; 
1 ifFT^n. 
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For a polyhedron 11 in M'^, let [11] denote its indicator function. Define 
PMMid,r) as the Z-module generated by all [(5(rk)], where rk lies in SMM{d,r). 
There is a natural Z-modulc homomorphisni 

*MM : ZMMid,r) PuM{d,r) 

such that 

«'MM((rk)) = [g(rk)] 

for all rk G Suuid, r). 

Definition 3.4. A homomorphism of groups / : ZMM{d,r) A is strongly 
valuative if there exists a group homomorphism / : Pmm (d, r) ^ A such that 
f = f ° V'MM- 

Suppose that 11 = 111 U • • ■ U 11^ is a megamatroid decomposition. Then by the 
inclusion-exclusion principle, we have 

^'MM(TOvai(n;ni,...,nfc)) = ^'mm( Y1 = 

/C{l,2,...,fc} 

k 

= E ("!)'" IlM- E (-i)'"[n/]-n([n]-m) = o. 

/C{l,2,...,fc} iel /C{l,2,...,fe} i=l 

This shows that every homomorphism / : ZMMid,r) — > A of abelian groups 
with the strong valuative property has the weak valuative property. In fact the 
two valuative properties are equivalent by the following theorem: 

Tiieorem 3.5. A homomorphism f : ZMMid,r) — > A of abelian groups is 
weakly valuative if and only if it is strongly valuative. 

The proof of Theorem 13.51 is in [Appendix A| 

In view of this theorem, we will from now on just refer to the valuative 
property when we mean the weak or the strong valuative property. 

For a megamatroid polytope 11, let 11° be the relative interior of 11. Define 
a homomorphism ^-^j^ : ZMM{d,r) PMM{d,r) by ^'^^((rk)) = [Q°(rk)]. 

Definition 3.6. Suppose that / : ZMM{d,r) — > A is a homomorphism of 
abelian groups. We say that / is strongly covaluative if / factors through ^'mmi 
i.e., there exists a group homomorphism / such that f = f o "f^M- 

Corollary 3.7. A homomorphism f : ZMMid,r) A of abelian groups is 
weakly covaluative if and only if it is strongly covaluative. 

Proof. If 11 = IIi U • • ■ U 11^ is a megamatroid polytope decomposition, then 
^-MMKovaKH; Hi, . . . ,n,)) = ^-^Mlirkn))-^ *MM((i-kF)) = [n°]-^[F°] = 0, 

F F 
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where F runs over all interior faces. This shows that if / has the strong coval- 
uative property, then it has the weak covaluative property. 

It is easy to verify that ^'^m ° E = 4'mm- Suppose that / is weakly coval- 
uative. By Lemma [3.31 / o is weakly valuative. By Theorem 13.51 / o 
is strongly valuative, so / o E^^ ~ f ° ^'mm for some group homomorphism /, 
and / = / o ^'mm o E — f o ^'^m- This implies that / is strongly covaluative. 

Definition 3.8. Suppose that d > 1. A valuative group homomorphism / : 
ZMMid^r) — > j4 is additive if /((rk)) = for all mcgamatroids (d, rk) for which 
(5(rk) has dimension < d — I. 

If / : ZMM{d, r) — >■ j4 is additive, then mcgamatroid polyhedron decomposi- 
tion 

n = Hi U Hz U • • ■ U Bfc 

we have 

k 

/(rkn)=^/((rkn,)). 

■i=i 

A megamatroid polyhedron decomposition 11 = IIiU- • -Ullj. is a (poly)matroid 
polytope decomposition if 11, Hi, ... , 11^ are (poly)matroid polytopcs. Let S(^p^Mid, r) 
be the set of (poly)matroids, and let Z(p')]y[(d, r) be the free abclian group gen- 
erated by S'(p')]y[((i, r). Wc say that / : Z(p-)]y[(d, r) — A has the weak valuative 
property if /(mvai(II; Hi, ... , Ilfc)) = for every (poly)matroid polytope decom- 
position. We define the weak covaluative property for such homomorphisms / 
in a similar manner. The group homomorphism E : ZMMid,r) ZMM{d,r) re- 
stricts to homomorphisms Z^p^-j^{d,r) — t- Z(p)m(c?, r). A group homomorphism 
/ : Z(^p^y[{d,r) — > ^ is weakly valuative if and only if / o is weak covalu- 
ative. Let P{P)M{d,r) = 4'MM(^(p)M(rf, and define 'I'(p)m : ^(p)M(rf, -> 
P{p)M{d,r) as the restrictions of ^'mm- A homomorphism / : Z(^p^M{d,r) A 
is strongly valuative if and only if it factors through ^'(p)m- 

Corollary 3.9. A homomorphism f : Z(p)m(c^i'") A is weakly valuative if 
and only if it is strongly valuative. 

Proof. We need to show that ker \I'(p)M(rf, = W(^p-)M{d,r). It is clear that 
W(^P)M{d,r) C ker^'(p)M(d, f). By Theorem 13.51 we have that kei mm {d,r) = 
WmmIc?, J'), soker*(p)M(rf, r) M^MM(d, r)nZ(p)M(c?, ?'). Define 7r(p)M : ZMMid,r) 
Z(p)M{d,r) by 7r(p)M((rk}) = (rk') where Q{rk') = Q{i-k) n A(p)M(rf,r) if this 
intersection is nonempty and 7r(p-)M((rk)) = otherwise. Note that tt^p^m is a 
projection of ZMuid^r) onto Z(p)]y[(rf, r). We have 

7r(P)M(™vai(n;ni,...,nfc)) =mvai(nn A;ni n A,...,nfen A) e T^(P)M(rf,r), 

where A — A(p)m(c', f*)- This shows that 7r(p)M(W^MM(<i, Q M^(p)m(c^: We 
conclude that 

kci'i'(pfM{d,r) ^ WMM{d,r) f) Z(p)M(rf,r) C 7r(p)M(WMM(rf, f )) Q W(^p)M{d,r). 
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We can also define the strong covaluative property for a group fiomomor- 
phism/ : Z(^p)M{d,r) — >• A. The proof of Corollarv l3.7l generalizes to (poly)niatroids 
and / is weakly covaluative if and only if / is strongly covaluative. 

4. Decompositions into cones 

A chain of length k in d is 

X : C C • • • C Xk-i CXk = d 

(here C denotes proper inclusion). We will write £(X) = k for the length of 
such a chain. If d > then every chain has length > 1, but for d = there is 
exactly 1 chain, namely 

= 

and this chain has length 0. For a chain X of length k and a fc-tuple r = 
(ri, r2, . . . , rfc) £ (Z U {oo})*^, we define a megamatroid polyhedron 

d 

RMM{X,r) = {(yi, ...,yd)eR''\j2y'^ = ^k. Vj ^ y, < r^}. 

i=l ieXj 

We will always use the conventions tq = 0, Xq — 0. The megamatroid rkx^r is 
defined by (5(rkx,r) = RuMiK^L)- 

For a megamatroid rk and a chain 2L of length fc we define 

i?MM(Z,rk) = i?MM(Z, (rk(Xi),rk(X2), . . . ,rk(Xfe))). 

Suppose that 11 is a polyhedron in Mf^ defined hy gi{yi, ... ,yd) < c; for 
i = 1, 2, . . . , n, where : M'^ ^ M is linear and Cj S M. For every face F of IT, 
the tangent cone Conep of F is defined by the inequalities 

giivi, ■■■,yd) <Ci 

for all i for which the restriction of gi to F is constant and equal to 

Theorem 4.1 (Brianchon-Gram Theorem (sl. Il0l|). We have the following 
equality 

[n] =^(-l)^™^[Conej.] 

F 

where F runs over all the bounded faces ofH. 
For a proof, see (l7j . 

Theorem 4.2. Jbr an?/ megamatroid rk : 2- — > Z U {oo} we /lawe 
[Q(rk)] = 5](-l)'^-^(^)[i?MM(X,rk)]. 
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Proof. Assume first that rk{X) is finite for all X C d. We define a convex 
polyhedron (5e(rk) by the inequalities 

J2y.<rk{A)+e{d'-\A\^) 

for all ^ C d and the equality yi + ■ ■ ■ + yd = r, where r — rk(d). 

Faces of (5e(rk) are given by intersecting Q^{ik) with hyperplanes of the 
form 

i/^ = {(2/1, . . . , y,) e M-^ I E = '^k(A) + eid^ - \Af)}. 

ieA 

It A, B C d, and A and B are incomparable, and (j/i, . . . , y^) £ ^fAniJBnQe(rk), 
then 

E + E 2^'^ ^ ^k(A) + rk(i3) + e{{d^ - \A\^) + {d^ - \B\^)) > 

> rk{A) + rk{B) + e{{d^ -\AU B\^) + [d^ - |A n Bp)) = 
> rk(A U B) + rk(A n B) + e{{d^ - | A U Bp) + {d^ -\Ar\ Bp)) > 

This contradiction shows that Ha H Hb n Qe(rk) = 0. It follows that all faces 
are of the form 

Fe{x) = g,(rk) n n • • • n Hx,_, 

where fc > 1 and 

Xo = C C • • • C Xfe_i C Xfc = d. 

Also, all these faces are distinct. 

Let us view (^^(rk) as a bounded polytope in the hyperplane ?/i + 2/2 + 
• • • + 2/d = J'- For a face ^^(X), its tangent cone Conep^(x) is defined by the 
inequalities 

E y^<MXj) + e{S -\x,\^) 

(and the equality X]f=i ~ If ^ ^^-^ length A:, then the dimension of F^{X^ 
is d — k. Theorem 14.11 implies that 

[0,(rk)]=^(-l)'^-^(^)[Cone^,(^)]. 

X 

When we take the limit e J, 0, then [(^^(rk)] converges pointwise to [(5(rk)], and 
[ConeF^{x)] converges pointwise to [Bmm(^, rk)]. 

Finally, for a general polymatroid rk, we have rk = limTv-s-oo rk^, where rk^ 
is as in the proof of Lemma 12.31 and rk^ has all ranks finite, and likewise 

lim [BMA/(^,rk~)] = [RMM{X,Tk)]. 

JV->oo 

So the result follows by taking limits. 
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Figure 1: A decomposition of Qj(rk), as in Theorem 14. 21 

Example 4.3. To illustrate the proof of Theorem 14. 2 [ consider the case where 
d = 3 and r = 3, and rk is defined by rk({l}) = rk({2}) = rk({3}) = 2, 
rk({l, 2}) = rk({2, 3}) = rk{(l, 3}) = 3, rk({l, 2, 3}) = 4. The decomposition of 
(5e(rk) using the Brianchon-Gram theorem is depicted in Figure[TJ Note how the 
summands in the decomposition correspond to the faces of Qe(rk). The dashed 
triangle is the triangle defined by yi,?/2,J/3 > 0, 2/1+2/2+2/3 = 4. Instead of 
getting cones in the decomposition, we get polygons because we intersect with 
this triangle. 

In the limit where e approaches wc obtain Figure [2] This is exactly the 
decomposition in Theorem 14.21 In this decomposition, the summands do not 
correspond to the faces of Q{rk). 

5. Valuative functions: the groups -Pm^ -Ppm^ -Pmm 

Lemma 5.1. The function 1 : Zi\jM{d,r) — > Z such that l((rk)) = 1 for every 
megamatroid rk has the valuative property. 

Proof. Let 

n = Hi U Ha U • • • U Hfc 
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Figure 2: The limiting decomposition of Q(rk) corresponding to Figure [T] 



be a mcgamatroid polyhedron decomposition. By Rota's crosseut theorem 23[, 

i(TOvai(n;ni,...,nfc)) = ^M(n,^^) -0, 

where F runs over the faces of the decomposition, and ^ is the Mobius function. 

Lemma 5.2. Let H (ZW^ he a closed half space. Define jn ■ ZMM{d,r) — > Z 
by 

JHW^l) <y Q otherwise. 

Then jn is valuative. 
Proof. Let 

n = Hi U Ha U • ■ • U Hfe 

be a mcgamatroid polyhedron decomposition. The intersections of the faces 
of this decomposition with \ H establish a regular cell complex structure 
on H \ H, and a face F of the decomposition meets R'* \ 7? if and only if 
(1 — j//)(rki?) = 1. It follows that 1 — jn is valuative, by the argument of the 
previous proof applied to this complex. 
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Lemma [F?^ can also be deduced from the fact that the indicator function of 
the polar dual has the valuative property (see 

Suppose that X is a chain of length k and r = (ri, . . . , r^) is an integer 
vector with = r. Define a homomorphism sx,r '■ ZMMid,r) ^ Z by 



sx,r (rk) = 



1 ifrk(X,) = rj forj = l,2,...,fc, 
otherwise. 



Proposition 5.3. The homomorphism sx.r is valuative. 
Proof. For e > 0, define the halfplane Hi{e) by the inequality 



k 



j=l tdXj j = l 



and define H2{e) by 



j=l i£Xj j=l 

By Lemma 12.71 and Lemma 15.21 {jHi{e) ~ Jff9(£))(rk) = 1 if and only if 

^e^-V,-£'^<^£^-irk(X,)= max Ee^-i ^y,<^e^-V, (4) 

3 = 1 3 = 1 ^ ^ = 1 ieX^ j=l 

If (HI holds for arbitrary small e, then it is easy to sec (by induction on j) that 
rk(Xj) = rj for j = 1, 2, . . . , fc. From this follows that lim^-yo iHi(e) ~ JHoie) — 
Sx.r- So sx,r IS valuativc. 

Suppose that d > 1. Let pMM{d,r) be the set of all pairs {2LiL) such that 
X is a chain of length k {1 < k < d) and r = (ri, r2, . . . , r^) is an integer vector 
withrfe =r. We define i?(p)M(X2:) = RMM{2L,r)nA^p-)M{d,r). If i?(p)M(Z,E) 
is nonempty, then it is a (poly)matroid base polytope. Define ppuid^r) C 
pMuid, r) as the set of all pairs (^,2:) with < ri < • • • < = r. Let puid, r) 
denote the set of all pairs G pMuid, r) such that r = (ri, . . . , r/;) for some 

fc (1 < fc < d), 

< ri < r2 < ■ ■ ■ < rk ~ r 

and 

< - ri < IX2I - r2 < • • ■ < \Xk-i\ - Tk-i < \Xk\ -rk = d-r. 

For d = 0, we define pMM(0,r) = pPM(0,r) = pM(0,r) = for r 7^ and 
Pmm(0, 0) = Ppm(0, 0) = Pm(0, 0) - {(0 C 0, ())}. 

Theorem 5.4. The group P*m(c', f) is freely generated by the basis 

{[RMX,r)] I iX,r) Gp,M{d,r)}. 
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Proof. The case d = is easy, so assume that d > 1. 

For megamatroids. If rk is a megamatroid, then [(5(rk)] is an integral combina- 
tion of functions [i?MM(^,2:)], iK,L) G pMM{d,r) by Theorem 14.21 This shows 
that [Rmm{K,L)], {2L,L) G pMM{d,r) generate Pmm (d, ?-) • If sx,r(-RMM(^', Z:')) 
then rkx',r'(^j") = for all j, and Rmm{^ ,1^) Q Rmm{2^,l)- Suppose that 

k 

5^a,[i?MM(Z«,rW)] =0 

with fc > 1, fli, . . . , flfc nonzero integers, and {2[}^\l^'^), « = 1, 2, . . . , fc distinct. 
Without loss of generality we may assume that Rmm{X}^\l^^-') does not contain 
Rmm{2[}'\&^) for any i > 1. We have 

k 

= s^u),,(i)(^a»i?MM(X«,r«)) =ai. 

Contradiction. 

For polymatroids. It is clear that PpM [d, r) is generated by all [Rpu l)] i with 
{2LjL) S pMuid^r). If ri < then i?pM(^,r) is empty. Suppose that r^+i < r^. 
It is obvious that 

RpMiX,r) = RpMi2£:,r') 

where 

X' : = C C • • • C C C • ■ • C Xfe = d 

and 

n' = (ri,r2, . . . ,ri_i,ri+i, . . . ,rfc). 

Therefore, PpM('i, J') is generated by aU [RpM{2L,r}] where {2L7L) G pPM{d,r). 
If n = i?PM(^,i:) with {y£,L) e pPMid,r), then {2L,l) is completely determined 
by the polytopc 11. For 1 < i < d, define = maxfy^ | y £ 11}. Then r is 
determined by < ri < ■ ■ ■ < r^ and 

{ri, . . . ,rfc} = {ai, . . . ,0^}. 

The sets X^, j = 1,2, ... ,k are determined hy Xj = {i \ at < rj}. This shows 
that the polytopes Rpm{2L,l), {2L,l) & pPM{d,r), are distinct. A similar argu- 
ment as in the megamatroid case shows that [RpM{2^,L)]t i^^L) G pPM{d,r), 
are linearly independent. 

For matroids. From the polymatroid case it follows that Puid, r) is generated by 
all [Rm{2L,l)], where (^,2:) G ppM{d,r). Suppose that — r^-i > \Xi\ — r,; 

for some i with 1 < i < fc (with the convention that ro = 0). Then wc have 

[RMiX,r)] = [i?M(Z',/)] 

where 

X' : = Xo C Xi C ■ • • C X,_i C X,+i C---CXk^d. 
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and 

r = {ri,...,n_i,n+i,...,rk). 

This shows that Puid, r) is generated by ah [i?M(x,r)] where (X, r) £ puid, r). If 
n ~ Rm{2L,L) with {2L,L) G Pm('^, '^), then {2L,L) is completely determined by 
the polytope U. Note that rkn(A) = minj{rkn(Xj) + \A\ - \Ar\Xj\}. If C A C 
d then A = Xj for some j if and only if rkn {A) < rkn (B) for all B with A C B C 
d and |A| -rkn(A) > |B| -rkn(B) for aU B with 9 C B C A. SoXi,...,Xk are 
determined by 11, and = rkuiXj), j = 1, 2, . . . , fc are determined as well. This 
shows that the polytopes Rm(X, r), {X^,r) G pyi[d,r), are distinct. A similar 
argument as in the megamatroid case shows that [i?M(:Kir)]j (^jH) G Pm((^, 
are linearly independent. 

Let {X_,r_) G Pmm(c?, Consider the homomorphism ^ : ZMM{d,r) — > Z 
defined by 

< ri ifrk(X,)<r, forj = l,2,...,fc, 

*x,£'-''^'' I otherwise. 

This homomorphism ^ is a (convergent infinite) sum of several homomor- 
phisms of the form sx'.r'i so by Proposition 15.31 it is valuative. 

In view of Theorem 15.41 if / : Z(p^^{d, s) — > Z is valuative, / is deter- 
mined by its values on the (poly)matroids i?(p)Mj since the spaces P(p)M{d,r) 
are finite-dimensional. For a (poly)matroid rk, s^^(rk) = 1 if and only if 
Q(rk) is contained in Q{R(p)m{2Li H))- Therefore, the matrix specifying the 
pairing -P(p)m('', d) P(p)m{''', dY ^ Z whose rows correspond to the polytopes 
Q{R{P)m{2L,M)), in some linear extension of the order of these polytopes by 
containment, and whose columns correspond in the same order to ^, is tri- 
angular. The next corollary follows. 

Corollary 5.5. The group P^pjmIc'i '')^ of valuations Z(p)]y[((i, r) — Z has the 
two bases 

{sx,r ■■ {X_;L} e P{P)M{d,r)} 

and 

{s%^r ■ (2L,r) e p(p)M(d,r)}. 

If X is not a maximal chain, then sx.r is a linear combination of functions 
of the form Sx' r' where X' is a maximal chain. The following corollary follows 
from Corollarv 15.51 

Corollary 5.6. The group Ppyiid, r)"^ of valuations ZpM(d, r) — > Z is generated 
by the functions sx,r where X_ is a chain of subsets of [d] of length d and r = 
(ri, . . . , rd) is an integer vector with < ri < ■ ■ ■ < rd — r. 

The generating set of this corollary appeared as the coordinates of the func- 
tion H defined in [H, §6], which was introduced there labeled analogue of 
the first author's Q. 
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Proof of Theorem ILSI fpl. Let a{d, r) be the set of all sequences (oi, . . . , ad) 
with < a,; < r for all i and a,; = r for some i. Clearly \a{d, r)| = (r + 1)'' — r''. 
We define a bijection / : pPM(d, — > i^{d,r) as follows. If {X^tZ} G pPM(rf, 
then we define 

f{X,r) = (ai,a2, . . . ,0^) 

where = r-,- and j is minimal such that i G Xj. 

Suppose that (oi, . . . , 0^;) G 0(0?, r). Let k be the cardinality of {ai, . . . , Cd}. 
Now Ti < r2 < • • • < Tfc are defined by 

{ri,r2, . . . ,rfc} = {ai,...,ad} 

and for every j, we define 

Xj = {i ^ d \ ai < rj}. 

Then we have 

f-Hau...,ad) = {X,r). 
A generating function for ppM{d,r) is 

Proof of Theorem II. SI fc). Suppose that (-K,r) G pM{d,r) has length fc. De- 
fine ui, it2, . . . , Ufe by 

ui = ri, Ui = ri- ri-i - I [2 <i <k). 

Define vi,V2, ■■ ■,Vk by 

V, = (|X,|-r,)-(|X,_i|-r,_i)-l (1 <i<^-l), 

Vk = {\Xk\ - rk) - i\Xk-i\ - rk-i) = d- r - \Xk-i\+rk-i. 

If {2^7 l) G pM(d7 J'), then we have that ui, . . . , Ufc, wi, . . . , Wfc are nonnegative, 
and 

ui + ■ ■ ■ + Uk = r - k + 1, vi + -- -+Vk^d-r — k + 1. 

Let = Xj \ for ?: = 1, 2, . . . , fc. If fc > 2, then we have Ui + vi + 1 = lYl | , 
Ufe + Wfe + 1 = lY/c I and Ui + Vi + 2 ^ \Yi\ for i = 2, 3, . . . , fc — 1. There are 

d\ 

{ui + vi + l)!(u2 + V2 + 2)!(u3 + V3 + 2y.--- {uk-i + Wfe-i + 2)!(Mfe + + 1)! 

partitions of d into the subsets Yi,Y2, . . . ,Yk, such that (X, r ) has the given u 
and values. If = 1, then ui + vi = d and there is 

1 - ^! 

(ui + Vi)l 
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pair {X_,r) with given u and v values. 
This yields the generating function 



d\ ^—^ (ui + viY. 

d=0 r=0 Ui,Vi>Q ^ ' 

, . ™Ui+«2H hlifc+fc — l,,l'l+«2H h-Ufc + fc-l 

- E 



(wi + + l)!(u2 + W2 + 2)! • • • (Mfc_i + wfe_i + 2)!(ufc + Ufc + 1)! 

i;i,...,i;fc>0 

(5) 

Wc have that 

^ (m + u)! " ^ ^ "dT " (a; - y)d\ ~ x~y ' ^ ' 

u,v>0 ^ ' d=Ou+v=d d=0 V »^ 



u,v>0 ^ ' d=Ou+v=d ^ ' d=Q ^ ' 



Y> x'^-y'^ x'^- y"^ -ev 



and 



^ (u + w + 2)! ~ ^ ^ (d + 2)! (a;-y)(d + 2)! 



oo 



^ (x - 1)! a;-?/ [x - y)xy 

Using dH), and dH) with ([5]) yields 

oo d / J \ 

\ " \ " PMya, r) ^d~r„,r _ 

d\ y ~ 

d=Q r=0 

xe^ — ye" ( e" — \ ^ ^ / ye^ — V — xe" + x^ '^"^ 
= + xy > 

x-y \ ^ ~ y y t~2^ 

xe" — yey / e" — \ ^ xy 



x~y ' \ x-y J ^_ ye"" - y - xe" + x 

x-y 

xe^ — ye" xy{e^ — e^)^ x — ?/ 



X — y {x — y){xey — ye^) xe "—ye 2/ 
The values of P(p)m('^j can be found in [Appendix B[ 



(9) 
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6. Valuative invariants: the groups -P^ ™' -^p'm'' -^mm 

Let YuMid, r) be the group generated by all (rk) — (rkocr) where rk : 2- — >■ 
Z U {00} is a megamatroid of rank r and cr is a permutation of d. We define 
■^mmI*^'^) ZMM{d,r)/YMMid,r). Let ttmm : Zuuid^r) Z^^{d,r) be 
the quotient homomorphism. If ikx ■ 2^^ — > Z U {00} is any megamatroid, 
then we can choose a bijection (p : d X, where d is the cardinality of X. 
Let r = rkx{X). The image of (rkx °^p) in Z^^{d,r) does not depend on ip, 
and will be denoted by [rkx]- The megamatroids (X, rkx) and (F, rky) are 
isomorphic if and only if [rkx] = [rky]. So we may think of Z^^(d,r) as the 
free group generated by all isomorphism classes of rank r megamatroids on sets 
with d elements. 

Let BMM{d,r) be the group generated by all [Q(rk)] — [(5(rkocr)] where 
rk : 2^^ ^ Z U {00} is a megamatroid of rank r and cr is a permutation of 
d. Define P^^{d,r) = PMMid,r)/ BMMid,r) and let puu ■ Puuid^r) 
P^^(d, r) be the quotient homomorphism. From the definitions it is clear 
that ^MMiYMMid,r)) = BMM{d,r). Therefore, there exists a unique group 
homomorphism 

such that the following diagram commutes: 



ZMM[a,r) ^ Fi 



^MM 



Muid, r) 

PmiA 



(10) 



This diagram is a push-out. Define Y(j>)yi{d,r) = Y-MMid^r) n Z(p)'^{d,r). The 
group Y(j>-^yi{d, r) is the group generated by aU (rk) — (rkocr) where rk : 2- N 
is a (poly)matroid of rank r and cr is a permutation of d. Define Z^|'p"J^((i, r) = 
Z{-p)M{d,r)/Y(p)yi{d,r). The group Z^^p^J^ (d, r) is freely generated by ah [rk] 
where rk : X — > N is a ^matroid of rank r and d~ \X\. 

Define B^,M{d,r) as the group generated by all [(5(rk)] — [Q(rkocr)] where 
rk : 2- N is a *matroid of rank r and cr is a permutation of d. Let P^^^(o?, r) = 
P*Mid,r)/B^M{d,r). 

Lemma 6.1. We have 



B{P)M{d, r) = Buuid, r) n P(Y')M{d, r). 

Proof. Define q(Y>)M ■ PMM{d,r) P(p)M(d,r) by g(P)M(/) = f ■[^{P)M{d,r)]. 
This is well defined because for any megamatroid rk : 2- — > Z U {00} of rank r, 
we have g(p)M([Q(rk)]) = [Q{rk)] ■ [A(p)m(c?, r)] = [Q{ik) n A(p)M(d,r)] and 
<5(rk) n A(p)M(d, r) is either empty or a polymatroid polyhedron. Clearly, 
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5(p)M is a projection of PMM{d,r) onto P(^p)M{d.,r). Since q(p)M{BMM{d,r)) C 
B(p)Mid,r), it follows that 

Buu{d,r) n P(p)M(rf, = ^pmISmmI^, H P(p)m(c^, ?-)) C B(p)M(d,r). 

It follows that BMM{d,r) D P(^p-jM{d,r) — B^p^M{d,r). 

By restriction, we get also the commutative push-out diagrams ([T]) from the 
introduction. Define p^^((i, r) as the set of all pairs {2^,r) e p*M{d,r) such 
that for every j, there exists an i such that 

X, =t = {l,2,...,i}. 

Wc define A^,M{d,r) as the Z module generated by all [R*m{2LiL)] with 
(^,£)epfM"^(d,r). 

Lemma 6.2. We /ia?;e 

-P*M(rf, r) = A^uid, r) ® B^uid, r). 

Proof. By the definitions of ^*M(rf, f) and B^,M{d, r) it is clear that P*m(<^, = 
^*M(rf, r) + B^uid, r). Consider the homomorphism r : P^uid, r) — > P^uid, r) 
defined by t(/) = / o cr where a runs over all permutations of d. Clearly, 
Bi,M{d,r) is contained in the kernel of r. Recall that [i?*M I.)] , {]LiIL) € 
P*m('^7'') is a basis of P*M(d, r). From this it easily follows that the set 
7"([i?*M(c^, '')]), [K-il) G P*m"(^''') independent over Q. Therefore the re- 
striction of T to A^^yiid^r) is injective and A^:yi{d,r) n B^,yi(d,r) = {0}. 

Theorem 6.3. The Z-module P^^"(d, r) is freely generated by all p*Mi[R*Mi2^, L)]) 
with {X,r)(ip'Z\d,r). 

Proof. It is clear that p*M(^*M(d, J')) = P*m"(^''')- restriction is sur- 

jective. It is also injective by Lemma l^?^ So the restriction of : P*M{d, r) — >■ 
P^^(d, r) to A^yi{d,r) is an isomorphism. From the definition of Ai,M[d,r) it 
follows that the given set generates P^^((i, r), and the set is independent be- 
cause of Theorem 15.41 

The matroid polytopes Ryi{X_,T) are the polytopes of Schubert matroids 
and their images under relabeling the ground set. Schubert matroids were first 
described by Crapo and have since arisen in several contexts. So Theo- 
rem 16.31 says that the indicator functions of Schubert matroids form a basis for 
Pnd,r). 

Recall that Zl^^ can be viewed as the free Z-module generated by all iso- 
morphism classes of *matroids on a set with d elements of rank r. We say that 
a group homomorphism / : {d, r) — > A is valuative if and only if / o ttmm 
is valuative. For any (X, r) S pMM{d,r) and a a permutation of d, we have 
Sx,r(rkocr) = Scrx,r(rk), where a acts on X by permuting each set in the chain. 
So the symmetric group acts naturally on P*M(d, '')■ It is easy to see that 

P:fP{d,rr = {PMd,rrf\ 
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where the right-hand side is the set of Sd-invariant elements of P*M(rf, ■ 
For {2^,r) € p^^((i, r), define a homomorphism s^™ : ZMMid,r) -^Zhy 

sym \ ^ 

where the sum is over all chains aX in the orbit of X_ under the action of the 
symmetric group. Then Corollary 15.51 implies the following. 

Corollary 6.4. The Q-vector space P^p'^^{d, r)^(g)zQ of valuations Z'^p^^{d, r) — 
Q has a basis given by the functions s^™ /"^ (^^tL) S p^p'^(d, r). 

For a sequence a ~ (ai, . . . , a^) of nonncgative integers with \a\ = = 
r, we define 

"Ita = Sx.r ■ •^(P)m('^' ^ ^' 

where = z for i = 1, 2, . . . , r and r = {ai,ai + a2, ■ ■ ■ ,ai + - ■ ■ + ad)- Parallel 
to Corollarv l5.6l we also have the following. 

Corollary 6.5. The Q-vector space P^^^(d, r)'^ <S)zQ of valuations Z^-^{d, r) 
Q has a Q-basis given by the functions Uq, where a runs over all sequences 
(ai, . . . , ad) of nonncgative integers with \a\ — r. 

Corollary 6.6. The Q-vector space P;^™(d, r)^(8)zQ of valuations Z^™(c?, r) — >■ 
Q has a Q-basis given by all functions Uq. where a runs over all sequences 
(ai, . . . , ad) G {0, 1}'' with \a\ = r. 

Proof of Theorem 11.41 From the definitions of the Ua and the Uq, it follows 
that MQ,((rk)) is the coefficient of Ua in C/((rk)). In other words, {ua} is a dual 
basis to {Ua}- The universality follows from Corollary 16.61 

The rank of P^'^p"^(d, r) is equal to the cardinality of p^p"^(d, r). If 
and £{2Q = k lies in pjp™^(d, r) then X. is completely determined by the numbers 
s^ \X,\, l<t<k. 

Proof of Theorem ll.5l fB). Given fc, there are {^^i) ways of choosing r = 
(ri,...,rfc) with < ri < r2 < ■ ■ ■ < r^ = r and (J^lJ) ways of choosing 
(si, . . . , Sfc) with < si < S2 < ■ ■ ■ < sk = d. So the cardinality of pp-^{d, r) is 

§G-l)G-l) ^§G)( k)^{ r )■ 

Y^p^--id,r)x'^y^ = - T.i^~^y'y' = i^V - 1^^^- 

r.d r,d d 1—x 
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Proof of Theorem \1.5( a). Let ti = Sj - r^. Then we have < <i < ^2 < 
• • • < tk~i < tk = d — r. Given k, there are {i^^i) ways of choosmg r such 
that < ri < • ■ • < Tfe = r and (fl^) ways of choosmg (ti,...,tk) with 
< ii < • • • < < tk = d — r. So the cardinahty of p^™((i, r) is 



So wc have 



r\ / d — r 
k) [ k 



x~y 



Example 6.7. Consider polyniatroids for r = 2 and d = 3. All polymatroid 
base polytopes are contained in the triangle 

{(yi,2/2,y3) G I yi + 2/2 + 2/3 = 2, 2/1, y2, 2/3 > 0}. 

002 



101^' ^^011 



200 



110 



020 



There are ( ^'^'') — (2) elements in p^^{3,2) and the polytopes R{2L,r), 

sym 
PM ' 



G PpM (3, 2) are given by: 






3 



3 3 6 

These 6 polytopes correspond to the following pairs {2L,l) G Ppm(3, 2). 



X: {1,2,3} 
r= (2) 


X: {1,2} C {1,2,3} 

r= (1,2) 


X: {1}C {1,2,3} 
r= (1,2) 


X: {1}C {1,2,3} 
r= (0,2) 


X: {1,2} C {1,2,3} 

r= (0,2) 


X: {1} C {1,2} C {1,2,3} 
1= (0,1,2) 



The symmetric group E3 acts on the triangle by permuting the coordinates 

yi,y2,y3- 
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If E3 acts on the generators R{2^,r) with G Ppm(3,2), then we get ah 

R{X_,r) with {X_,r) G Ppm(3,2). In the figure, we wrote for each polytope the 
cardinahty of the orbit under E3. The cardinahty of Ppm(3, 2) is 1 + 3 + 3 + 
3 + 3 + 6= 19. This is consistent with Theorem 11.51 because the cardinality is 
{r + lY-r'^ = 33 _23 = 19. 

Example 6.8. Consider matroids for r = 2 and d = 4. All matroid base 
polytopes are contained in the set 

{(2/i,y2,2/3,y4) e M"^ I yi + 2/2 + 2/3 + 2/4 = 2, Vi < < i}. 

This set is an octahedron: 

1100 



1001 0101 

: '' /' 1 

1010 V^" 0110 




"-/^ V' 

4 6 12 

These 6 polytopes correspond to the following pairs {2L,L) G Pm(4, 2). 



X: {1,2,3,4} 
r= (2) 


X: {1, 2} C {1,2, 3, 4} 

r= (1,2) 


X: {1,2,3} C {1,2,3,4} 
1= (1,2) 


X : {1}C {1,2,3,4} 
r= (0,2) 


X: {1,2} C {1,2,3,4} 
r= (0,2) 


X: {1} C {1,2,3} C {1,2,3,4} 
r= (0,1,2) 
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The symmetric group E4 acts by permuting the coordinates 2/1,2/252/3,2/4- 
This group acts on the octahedron, but it is not the full automorphism group of 
the octahedron. Also note that not all elements of E4 preserve the orientation. 
If E4 acts on the generators RM{2L,r) with {2L,l) & Pm(4, 2), then we get all 
R{2L,l) with {2L,l) & Pm(4, 2). In the figure, we write for each polytope the 
cardinality of the orbit under E4. The cardinality of Pm(4, 2) is 1 + 6 + 4 + 4 + 6 + 
12 = 33, which is compatible with Theorem 11.51 and the table in [Appendix B[ 
Besides the polytopes r), (X, r) S Pm(4,2), there are 3 more matroid base 
polytopes (belonging to isomorphic matroids), but these decompose as follows. 




7. Hopf algebra structures 

Define Zh.m = ®d r ^*M{d,r), and in a similar way define P*m, and 

-^*m"- '^^^ view Z,M as the Z- module freely generated by all isomorphism 
classes of *matroids. 

If rki : 2^^ ^ Z U {00} and rka : 2^ ^ Z U {00} then we define 

rkiffirks : 2^ ^ Z U {00} 

by 

(rkifflrk2)(^) = rki(And) +rk2({i & e \ d + i E A}) 

for any set A C d + e . Note that ffl is not commutative. We have a homomor- 
phism 

V : Zuuid^r) (g)z^MM(e,s) Zuuid + e,r + s). 

defined by 

V((rki) ® (rka)) = (rkifflrka). 

The multiplication V : Zmm ®z Zmm Zmm makes ZMMid,r) into an asso- 
ciative (noncommutative) ring with 1. The unit 77 : Z — > ZMM^d^r) is given 
by 1 H- > (rko) where rkp : 2- Z U {00} is the unique megamatroid defined 
by rk(0) = 0. With this multiplication, ZM(d, r) and ZpM{d,r) are subrings of 
Zuuid, r). The multiplication also respects the bigrading of Z-Muid, r). 

Next, we define a comultiplication for Zmm- Suppose that X ~ {ii, 12, ... , id} 
is a set of integers with ii < ■ ■ ■ < id and rk : 2'^ — )■ Z U {00} is a megamatroid. 
We define a megamatroid rk : 2- Z U {00} by rk(A) = rk({ij | j G A}). 
If rk : 2"^ — !> Z U {00} is a megamatroid and B C A C X then we define 
rk^/B ■■ 2-^^-^ ^ Z U {00} by rk^/s(C) = rk(B U C) - rk(B) for aWC CA\B. 
We also define rk^ := rk^/g and rk/g = rkx/B- 
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We now define 

A : Zmm — > Zmm ®z Zmm 

by 

A((rk))= ^ {^)®{Tk;A)- 

ACd: rk(A)<oo 

where A runs over all subsets of d for which rk(^) is finite. This comultiplication 
is coassociative, but not cocommutative. If rk : 2- ZU{oo} is a megamatroid, 
then the counit is defined by 



6((rk)) 



1 if d = 0; 
otherwise. 



The reader may verify that the multiplicative and comultiplicative structure 
are compatible, making Zmm into an bialgebra. Note that A also restricts to 
comultiplications for Zpu and Zm, and ZpM and Zm are sub-bialgebras of Zmm- 
We define a group homomorphism S : Zmm ^ Zmm by 

d r 

sm) = ^(-1)'^ n (^-k^-.)- 

r=l X; ii2Q=r, «=i 

rk(Jfi)<oo,...,rk(Xr)<oo 

Here we use the convention Xq = 0. One can check that S makes Zmm into a 
Hopf algebra. Restriction of S makes Zm and Zpm into sub-Hopf algebras of 
Zmm- We conclude that Z^m has the structure of bigradcd Hopf algebras over 
Z. 

It is well-known that 2^^™ has the structure of a Hopf algebra over Z. Sim- 
ilarly we have that Z^^ and ^p'^ have a Hopf algebra structure. The multi- 
plication 

^ ■ -^MM ®Z -^MM ~^ ^MM 

is defined by 

V([rki] g) [rka]) = [rkiffirka]. 
The comultiplication is defined by 

A([rk])= Yl U,rkA)]<E>[{X\A,vk/A)] 

ACA';rk(A)<oo 

for any megamatroid rk : 2-^ — Z U {oo}. The unit : Z — > Z^^ is given by 
1 i-> [(0, rko)] and the counit e : — ^ ^ is defined by 



1 if X = 0; 
otherwise. 

Finally, we define the antipode 5* : Z^^ —5- by 

d r 

5([rk]) =5^(-ir Y n [(^A^.-i,rkX./^.-i) 

r=l X: i{X)=r, i=l 

rk( JCi ) < oo , . . . ,rk(Js:^ ) < oo 
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From the definitions, it is clear that the tt^m are Hopf algebra morphisms. 

The space Pmm inherits a Hopf algebra structure from Zmm- We define the 
multiplication V : Pmm €5 Pmm Pmm by 

v([ni]®[n2]) = [ni xHa]. (ii) 

It is easy to verify that V o ^ = *mm ° V. 

To define the comultiplication A : Pmm — >■ Pmm ® Pmm, we would like to 
have that {ipuM ® V'mm) A = A o -0mm- So for a megamatroid polytope 
rk : 2- Z U {cxd} wc would like to have 

A([Q(rk)]) = A(i/'MM((rk))) = ^ ^JuuirKi) » tpMuii-^A) = 

ACd;rk(A)<oo 

- J2 [O(rkA)] ® [0(rk/^)]. 

ACd;rk(A)<oo 

A basis of Pmm is given by aU Pmm (^,z:), with (X,r) e Pmm = Ud.r PMM(d, J')- 
Recall that the rank function rkx.r is defined such that (5(rkx,r) = Rmm(X. r). 
We have that r'kx_^r{A) < oo if and only ii A ^ Xi for some i. In this case we 
have 

k 

A{{Tkx,r)) = ^{r^x~~rj ® (i-k2%7.), 

i=0 

where 

X, : C Xi C • • • C Xi, r, = (n, ra, . . . , n) 
X : C X+i \ X C • ■ • C Xfc \ X„ = (r,+i - r„ . . . , - r,). 
We define A by 

fe ^ 

A([Pmm(X,2:)]) = ^[Pmm(X~7;)] [PMM(X,r)]. 

i=0 

From this definition and Theorem 14.21 follows that 
A([Q(rk)]) = 5^(-l)^-^(^)A[PMM(X,rk)] = 

X 

= ^ 5^(-i)i^-i-'iPMM(x;;7kxj] ® (-i)''-i^'i-'(^)+iPMM(x,rk/xj] = 

^ [0(rk^)]® [0(rV)]- (12) 

ACd;Tk{A)<oo 

In a similar fashion we can define the antipode S : Pmm — ^ Pmm- 

The Hopf algebra structure on Pmm naturally induces a Hopf algebra struc- 
ture on P^i^ such that Pmm and ^^m Hopf algebra homomorphisms. Also 
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PpM is a Hopf subalgebra of Pmm and Pm is a Hopf subalgebra of Prm- Sim- 
ilarly Pp'^ is a Hopf subalgebra of P^M' ^^"^ ^m™ ^ Hopf subalgebra of 



psym 



As a first observation to motivate the consideration of these Hopf algebra 
structures, we consider multiplicative invariants. 



Definition 7.1. A multiplicative invariant for *matroids with values in a com- 

sym 

*M 



mutative ring A (with 1) is a ring homomorphism / : — s- A. 



That is to say, / is multiplicative if /(rki©rk2) = /(rki)/(rk2). This is ex- 
actly the condition that / be a group-like element of the graded dual algebra 
P^"^{d,r)'^ . Many (poly)matroid invariants of note have this property, for 
instance the Tutte polynomial. 

Proposition 7.2. The Tutte polynomial T e P^™(d, r)"^ is given by 

J- _ ^(y~l)uo+ui ^uo + (x-l)ui ^j^g^ 

Proof. Recall the definition of Ua in terms of rank conditions on a chain of 
sets. In view of p^ . we have that the multiplication in [P^^)"^ is given by 
Ua ■ u/3 = {'^~j^'^)ua/3, where a has length d and /3 has length e. Denote the right 
side of (HH) by /. We have 



oo oo 



i=0 j=0 

= EE^ E (x-i)—(y-ir-(^ 

I j ae{0,l}'+J 

where = X]fc=i '^k, so that i — is the number of indices 1 < k < i such that 
ak = 0, and r^+j — is the number of indices i + I < k < j such that = 1. 

Let d = i + j. For a matroid rk on d of rank r, the elements rk and 
1/dl X^o-eEd ''k"'^ of ZM(rf, J') have equal image under ttm- Therefore 



creEd 

= ]fE E^i ^ (.-ir--(y-ir-«o(rkoa) 



The set a{i) takes each value A C d in — |j4|)! ways, so 

/(rk) ^Y.^x~ l)'-'-'^(^)(y - l)l^l-^k(^) = r(rk). 
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8. Additive functions: the groups Tm, Tpivi^ Tmm 

For < e < (i we define P*M(rf, r, e) C P^,M{d, r) as the span of all [11] where 
n C R'* is a *matroid polytope of dimension < d — e. We have P*M(0,r, 0) = 
P*M(0,r) and P*m(c', 1) = P*M{d,r) for d > 1. These subgroups form a 
filtration 

• • • C P,M (rf, r, 2) C F,M (rf, r, 1) C F,M (rf, 0) = F,M (rf, r ) • 

Define P*M(rf, r, e) := P*M(rf, e)/P*M(rf, f, e + 1). If Hi and 112 are polytopes 
of codimension ei and 62 respectively, then Hi x 112 has codimension ei +62- 
It follows from (|TT1) that the multiplication V respects the filtration. Since 
(5(rk^) X QCrk/yt) is contained in Q(rk). it follows from ([T2l) that the comulti- 
plication A also respects the filtration: 

A{P^M{d,r,e)) C ^ P*m(«, j, fc) ® P*M(d - i,r - j,e - k) 

Similarly, the antipode S respects the grading. The associated graded algebra 

P*M = 0P*M(d,?-,e) 

d,r,e 

has an induced Hopf algebra structure. 
We define Ti,M{d,r) = P^,M{d,r,l). 

For every partition X_ '■ d = Xi into nonempty subsets there exists a 

natural map 

i 

Define 

PMX)= PM\Xi\,ri)(8>---(^^PM\Xe\,re) 

ri,r2,...,rcSZ 

and 

P*m{X)^ T,M(|^l|,ri)® •••®T,M(|^e|,re). 

ri,r2,...,re6Z 

The map <f>x induces a group homomorphism 

4>x. ■ P*Mi2L, e) P*M((i, e) 

defined by 

0x([ni] [n2] ® • • • [He]) = [$x(ni X na X • ■ • X He)]. 

The map (px induces a group homomorphism 

(f>x ■ P*MiK, e) P*M(rf, 7", e). 
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A vector y = G R'^ is called X- integral if J2iex Ui & for 

j = 1,2, ... ,e. An X-integral vector y is called X-regular, if for every j and 
every Y C Xj wc have: if X^igy Vi ^ then Y — (d oi Y ~ Xj. In other words, 
an X-integral vector y is called X-regular if it is not integral for any refinement 
of 2L- We call y X-balanced if X^jgs ~ ^ holds if and only if 5' is a union of 
some of the Xj^s. 

Choose an X-balanced vector yx_ for every X_. For / G P^,M{d,r) we define 

7x(/)(2^) !3|o •^(•^ + ^y^^- 

If n is a *matroid base polytope, then 7x([n])(x) is constant on faces of 11. 
This shows that 72f([n]) G Pi.M{d,r). So jx. is a endomorphism of P*M{d,r). 
Now 7x also induces an endomorphism of ^*m('^, J')- 

Lemma 8.1. We have that jx ° Ix = Ix- 

Proof. Suppose that x G Consider the set S of aU x + eyx_ with e G M. 
There exists a partition F of d and a dense open subset J7 of such that all 
points in U are F- regular. Then there exists a. 5 > such that T = {x + ey | < 
£ < (5} has only K-regular points. For every *matroid base polytope 11, we have 
that T n n = or T C n. It follows that for every / G PM*{d, r) there exists a 
constant c such that / is equal to c on T. Therefore 7x(/)(x) = c and 7x(/) is 
constant and equal to c on T. We conclude that ^xXlx_{f)){^) = c = 7x(/)(a;). 

Lemma 8.2. Suppose that X_,Y_ are partitions of d into e nonempty subsets, 
and X 7^ y . Then we have 

7x O 0y = 0. 

Proof. For some k, Y^ is not the miion of Xj's. The image 

$y (Hi X • • • X He) 

consists of F-integral points. For any x G M-. a; + eyx_ is not F-intcgral for 
small e > 0. In follows that 

7x(0i:([ni X • • ■ X ne]))(x) = 7x([$Y(ni x • • • x ne)])(x) = o 

for all x. 

Theorem 8.3. We have the following isomorphism 

^: P*m(X) ^0P.M(d,r,e) (14) 

X=(Xi,X2,....X^) r&L 
d=XiVAX'iVA---VAX^\Xi,...,X^^% 

where'^^Y.x'^x- 
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Proof. We know that a *matroid base polytope of codimension e is a product 
of e *inatroid base polytopes of codimension 1. This shows that (f> is surjective. 
It remains to show that (j) is injective. 

Suppose that 4){u) = where u = '^x'^x, and ux G P*m{X_) for all X . 
We have ^x_ ° 4'y_ = if X ^ F by Lemma [8.21 It follows that ^ x{4>x{'^x)) = 
7x((/)(?i)) = 0. We can lift ux_ to an element ux_ G P*M(rK)- Then we have that 

lx_{(t>x{ux)) = ^ aj[Aj] 

where the are *matroid polytopes of codimension > e. We have that [A^] G 
\m.(f)Y' for some partition y' with more than e parts. Therefore [A^] G im(/)y 
as well for any coarsening Y_ of F' with e parts, and we may choose Y_ so that 
H 7^ so by Lemma 15^ 7x([Ai]) = for all i. Therefore, we have 

ixiipxiux)) = -ixilxiipxi^x))) = ^aj7x([Ai]) = 0. 

i 

Note that ^x_ induces a map 7^ : P*m(^) ^ ^'*m(^) such that 0x ° 7x = 
7x o (t)x_- We have that 

0x("2l) = (id-7x)('/'2L(^2L)) = ^7x)("2L))■ 
Since (j)x is injective, we have 

MX = (id-7x)("2L)- 

So li^s in the image of id —^x_- 

For *matroid polytopes Hi , . . . , He of codimension 1 in R'^^i I , . . . , RI''''^ I re- 
spectively, we have 

7^([ni x...xne])(.T) = i. 

for any relative interior point x of IIi x • • ■ x He . It follows that 
(id-7^)([ni x...xn,])=^af^[F] 

F 

where F runs over the proper faces of Hi x • • • x 11^ and aj- G Z for all F. 
Therefore, the composition 

PMK) PM2L) ^ p*m(^, e) 

is equal to 0. Since ux is the image of ux — (id— 7x)(^x), we have that 
MX = 0. 

Let p(p)M(rf,f, e) be the rank of P(p)M(d, r, e), and t(P)M(d, r) ~ p(p)M(d, 1) 
be the rank of T(p)M(rf, 
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Proof of Theorem I l.Gl fDl. From Theorem [Ol follows that 



\d,r>0 I e>0 d,r>0 



— — ^ y 



e,d,r>0 



If we substitute u = 1, we get 



I tpM{d,r)x'^y'^ \ _ ppujd, r, e) ^ ^_e^(l-y) 



d! / ^-^ d\ 1 — ye^ 

>(i.r>0 / e,d,r>0 " 



It follows that 

d,r>0 " 

= x + log(l - y) - log(l - ye"") =x + Y^ 
Comparing the coefficients of x'^y^ gives 



(e™ - l)y^ 



r 

r>l 



tpM{d, r) 



r''-! if d > 1; 
otherwise. 



(Recall that 0° = 1.) 
We also have 

pPM{d,r,e)t'^s''u<' ( .e*(l-s). \ .e*(l-s), 



d,r>0 



Proof of Theorem ILGI fc). The proof is similar to the proof of part (d). We 
have 

^ tM{d,r)x'^-''y'' ( ^ PM{d,r,e)x'^-''y''\ ( x-y 

L = is — ^ — j = l^:^^ 

(15) 

and 



E 



PMid,r,e)x''' ^y^z*^ , x — y 



d\ xe ^ ~ ye 
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A table for the values t(^p)Mid,r) can be found in | Appendix B[ 

If d > 1, let tpM{d,r) be the set of all pairs (X, r) e pPM{d,r) such that 
ri > 0, and d ^ Xk-i, where k is the length of X. Similarly, if d > 2, let tuid, r) 
be the set of all pairs (X, r) e tM {d, r) such that ri > 0, | — r^-i < d — r, 

and d ^ Xk^i- 

Lemma 8.4. We have |t(p)M(c'i ^)| = t{P)Mid,r) whenever the former is de- 
fined. 

Proof. For polymatroids. We revisit the bijection / : pPM(d, r) o(d, r) 
defined in the proof of Theorem 11.5( d). It is easy to see that a G /(ipM(d, r)) if 
and only if = = r and no equals 0. Accordingly such an a has the form 
(ai, . . . , ad-i, r) with freely chosen from {1, . . . , r} for each i = 1, 
so |/(tpM(rf,r))| =r'*-i. 

For matroids. We proceed by means of generating functions. We begin by 
invoking the exponential formula: the coefficient of x'^~'^y'^ of the generating 
function 



e'^p EE 



d\ 

d=0 r=0 



X y 



enumerates the ways to choose a partition d = ZiL)---UZi and a composition 
r = si + • ■ ■ + si and an element (X^,r^) of iM(|^i|, Si) for each i = 1, . . . ,1. Let 
us denote by q(d,r) the set of tuples (d, r, iX^^\r^^^), ■ ■ ■ , {x'-^Kl^^^)). 

We describe a bijection between q(d, r) and p^™(d, r). Roughly, given 
( X , r) e p^™((i, r), we break it into pieces, breaking after Xi whenever Xi\Xi-i 
contains the largest remaining element of d\Xi^i. More formally, given (X, r) g 
Pm™('^' '')' f^'" each j > 1 let Zj = Xi- \Xi._i (taking iq = 0) where ij is minimal 
such that Xi - contains the maximum element of d\Xi-_-^ , and let Sj ~ ri. —ri._.^ . 
This definition eventually fails, in that we cannot find a maximum element when 
^ij-i = = d, so wc stop there and let I be such that ii — k. For j = 1, . . . , ^, 
let fj : Zj \Zj \ be the unique order-preserving map, and define the chain and 

list of integers r'-')) by 

= \ (Z = 1, - 

r'f^ = - (i = 1, . . . - 

Wc have that {X}--'\r^^^) G tivid-^jl, Sj): the crucial property that d ^ Xk~i ob- 
tains by choice of ij and monotonicity of fj . This finishes defining the bijection. 
Its inverse is easily constructed. 

From this bijection and ((T5|) it follows that 



d\ " / A^A^ rf! 

oo d 



PM{d,r)x'^ '■y'^ / V^V^ tM(d,?') d-r 



. =exp EE' 



d! " \ ^ ^ d! 

\d=l r=0 
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Lemma 8.5. The classes of [R{p)m{2Lj L)] for Zl) G t(P)M('^j'') cife linearly 
independent in T(^p^M{d,r). 

Proof. Let y = (— 1, . . . , — 1, d — 1). Let Hjpjm be the set of points x S 
A(p)m(c^, such that x + ey G AjpjmIc^j^) for sufficiently small e > 0. Choose 
some {2(_,r) G i(p)M(rf,'')- If a: G -R(p)m(^,Z:) H n(p)M- and e > is suf- 
ficiently small, we have x + ey € R{p)Mi2LiL)y since the defining inequali- 
ties of i?(p)M(^j2l) involve only the variables xi,. . . ,Xd-i- It follows that for 
X G n(p)M we have 

[RiP)MiX,r)]{x) = jyi[R^p)MiX,r)]){x). 

We will write {d} for the partition d — {1} U {2} U • ■ • U {d}. Observe that y is 
{d}-balanced, so that for any point x, x + ey is {d}-regular for sufficiently small 
e > 0. 

Suppose the sum 

S= «(Xi:)[i?(p)M(XE)] 

vanishes in T(^p-^y[{d, r) , i.e. is contained in P(p-^j^[d,r,2). Then the support 
of 5 contains no {d}-regular points. So for any x G n(p)M we have S{x) = 
7,(5)(x) = 0. 

We specialize now to the matroid case. If r = d, then Tu{d, r) = and the 
result is trivial. Otherwise let H be the hyperplane {xd = 0}; we will examine 
the situation on restriction to H. Identifying H with R"*^^ in the obvious 
fashion, we have AM(<i, r) Ci H = Auid — 1, r), IIm Ci H = {x € Auid — 1, r) : 
Xi ^0 for ah i}. For any (Xn) G iuid-.r), RuiK^L) Ci H = Rm{2L',l') where, 
supposing 2L has length k, 

X" : C Xi C • ■ • C Xk-i cXk\ {d} = d-1 

and (X\ r') is obtained from (X" , r) by dropping redundant entries as in the 
proof of Theorem 15.41 

Suppose T G Puid — is supported on {xi = 0}. By Theorem 15.41 we 
have a unique expression 

(X,r)epM(<i-l,r) 

But we also have 

T = r|{,^=o} = KX,r)\R^{X,T) n {x, = 0}] 

(2f£)epM(d-l,r-) 

in which each \Rm(X, r) n \xi = 0}] is either zero or another \Rm(X' , r^]. so 
that by uniqueness h{X_,f) = when i?M(^, n) 2 {^i = 0}. 
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The restriction 5'|// is supported on 




AM(d- l,r) n 



so it is a hnear combination of those [-Rm(^, r)] supported on some {xi = 0}, 
i.e. those for which ri = 0. On the other hand, 

S\h= J2 aiX,L)[RMiX,r)nH] 

(X,r:)6iM (<i,r) 

in which each Rm(X, r) HH is another matroid polytope Rm(X' . r) with ri > 
(and X' only differing from X by dropping the d in the fcth place). Note that 
{2L,l) G tM{d,r) is completely determined by Rm{2L,l) H H. Therefore, by 
TheoremlEl a{X,r) = for all (X,r) G tuid.r). 

The polymatroid case is similar, but in place of the hyperplane H we use all 
the hyperplanes Hi = {xd = i} for i = 0, . . . , r — 1. 

Note that ApM{d,r)nHi = ApMid,r~i). For (A^, r) e tpM{d,r), supposing 
X has length k, 



RpuiX,r)nH, 



Rm{X!,t!) rk-i>r- 
otherwise 



where again 



and 



X" : C Xi C ■ • ■ C Xfe_i C Xk \ {d} 



r" = (ri,r2, . . . ,rk-i,rk - i). 

and jX' , r') is obtained from (X" , r") by dropping redundant entries as in the 
proof of Theorem l5.4l Although (X, r) 6 ipuid, r) is not completely determined 
by S \h„, the arguments in the matroid case still show that S \ho= 0, and 
0'i2L,L) ~ for all {2L,l) for which Xk-i ^ d—\ . Restricting to shows 
that a(X, r) = for all (^,1.) for which X^-i = d — 1 and = 1. Proceeding 
by induction on i, we restrict S to H^-i and see that a{X_,r) = for all (X, r) 
for which X^-i = d — 1 and r^^i = i. 



The following is an immediate consequence of Lemmas 18.41 and 18.51 

Theorem 8.6. The group T(j>)yi{d,r) is freely generated by all [R(p^-u(X, r)] 
with (X,r) e t(p)M(d, r). 

Example 8.7. Consider again Example 16.71 The set ipM(3, 2) consists of the 
following elements: 



X: {1,2,3} 
r= (2) 


X : {1,2} C {1,2,3} 
r= (1,2) 


X: {1}C {1,2,3} 
r= (1,2) 


X : {2} C {1,2,3} 
r= (1,2) 
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The polytopes Rpm{2L,l), {2L,L) G Ppm(3,2) are 




Example 8.8. Consider again Example 16.81 The set tM(4, 2) consists of the 
following elements: 



X: {1,2,3,4} 
r= (2) 


X: {1,2} C {1,2,3,4} 
r= (1,2) 


X: {1,3} C {1,2,3,4} 
r= (1,2) 


X: {2,3} C {1,2,3,4} 
r= (1,2) 



The polytopes Rm{X_,L), {2L,l) G Pm(4, 2) are 




9. Additive invariants: the groups T^"^, "^pmi ^mjv 



olc/^ Vine n T-\o + nT-ol -f-i 

C PX(rf, r, 2) C PX(d, r, 1) C PX(d, r, 0) = PX(rf, r). 



The algebra P^IT also has a natural filtration 
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Here P^^{d,r,e) is spanned by the indicator functions of all *matroid base 
polytopes of rank r and dimension d — e. Define -P1m"('^j ''j e) = -P*m"('^' ''j ^) / 
P^l^{d,r,e + 1). Let 'P'Jm = ®rf.r,e -^'Im'C'^: ^ be the associated graded 
algebra. 

Define T^l^ = ^ P'^J^{d, r, 1). The following Corollary follows from The- 
orem [8?3l 

Theorem 9.1. The algebra P^^" is the free symmetric algebra S{T^^^) on 
^*m"' and there exists an isomorphism 

5^(rX) = 0P:M(d,^e). (16) 

Proof. If we sum the isomorphism ([T4|) in Theorem 18.31 over all d, we get an 
isomorphism 

^Pm^^P.Mid,r,e) 

d,X d,r 

where the sum on the left-hand side is over all d and all partitions X of d into 
e nonempty subsets. If we divide out the symmetries on both sides, we get the 
isomorphism (|16p . 

Corollary 9.2. The algebra is a polynomial ring over Z. 

Proof. Consider the surjective map 

PX(d, r, 1) ^ Km (d, r, 1) = T^- 

d,r d.r 

Suppose that G is a set of Z- module generators of T^^. Each element of G can 
be hfted to ® d r P'*id i'^^^^ ^) ■ Let G be the set of aU hfts. Since G generates 
P^*M by Theorem 19.11 G generates P^][™ over Z. Since G is an algebraically 
independent set, so is G. So P^^^ is a polynomial ring over Z, generated by G. 

Proof of Theorem ll.6l fA).fB). We prove the stated formulas after taking 
the reciprocal of both sides. Let p^^(d, r, e) be the rank of P''J^{d, r, e). Define 
r) :— Pi,Mid,r,l) as the rank of T^][™((i, r). From the matroid case of 
Theorem 19.11 follows that 

17(1 - x-yd-y^T-M ^ — 1 — 

I — X — y 

and 

n(l " ^ix'■/-'■)-*M'"K'■) = Y.PM'id^r^eKx^y"-^ 
From the polymatroid case follows that 

n(i-A'^)-*™('^-^=^^-^, 

1 — X — y 

and 

n(l - V)-*™ ^'-'■^ = E^'PM ('^' e)z^x V- 

d,r 
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10. Invariants as elements in free algebras 

Let 

d,r 

be the graded dual of P^^- 

Proof of Theorem [TTTlf a) . (b) . A basis of {Ppu)* ®% Q is given by all 
where a runs over all sequences of nonnegative integers, and a basis of (^m"")*'^z 
Q is given by all Ua where a is a sequence of O's and I's (see Corollaries 16 . 51 and 
16. 6p . The multiplication in {Pl^)'^ is given by 

fd + e\ 

Ua-Up = [ ^ jUai3, 

where a has length d and (3 has length e. It follows that (Pp^j^)"^ ®z Q is 
the free associative algebra Q{uo, ui, U2, ■ ■ ■) generated by uq, ui,U2, ■ ■ ■ and 
(-^M™)'^ ®zQ is the free associative algebra Q(mo, ui) (the binomial coefficients 
make no difference). The ordinary dual, (f*^^^)^ is a completion of the graded 
dual (PX)*- We get that (Pp^uV ®^ Q is equal to Q((iio, "1,^2, • ■ ■ )) and 
{PT^Y ®z ^ is equal to Q((uo,mi)). 

Let m^M = ®d^rP*Mid,r,l). Then we have ml^ = P'J^"(d, r, 2) and 

Tisym /™2 
*M -Tn*M/m,M. 

The graded dual mfy^ can be identified with 

(nr (0, 0) = o"- 

So nXpM ®z Q wiU be identified with the ideal (uq, ui, . . .) of (Q)(uo, ui, . . .) and 
ttIm ®z Q will be identified with the ideal (uo,iti) of Q('Uo,"i}- The graded 
dual (Tp^)* ®z Q is a subalgebra (without 1) of the ideal (uq, ui, . . . ), and 
(Tp^)# (g)z Q is a subalgebra of (mq, ""i)- 

Lemma 10.1. 

a. Mo, ui e [T^'^'y ®z Q, anrf G (T^^")'' ®z Q /or all i; 

b. // /, g e (T(^^;"m)'' ®z *^en [/, g] = - 3/ e {T^lluY ®z Q. 

Proof. Part (a) is clear. Suppose that f,g G C^^p^m)^' Suppose that a,b £ 
mpM- We can write A(a) =a®l + l®a + a' and A(6) = + + 

where a',b' G mpM^mpM- Note that a' {b ^ 1), a' {1 (g) b), a'b' ,b' {a (g) l),b' {I ® a) 
lie in m|,M ® tupm or ttipm "X) ^pm- I* follows that 

/.g(a6) = (/ ® .9)((a 1 + 1® a)(6 ® 1 + 1 ® 6)) = 

= / g(a& (8)l + a(X)6 + &«)a + l0a6) = f{a)g{b) + f{b)g{a). 

Similarly gf{ab) = f{a)g{b) + f{b)g{a). We conclude that [f,g]{ab) ~ 0. 
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Proof of Theorem [TI71^c),(d). From LemmaHUHlfollows that (rp^)#(8)zQ 
contains the free Lie algebra Q{uo,ui,U2, ■ ■ ■} generated by mo,wi,..., and 
(-^M Q contains Q{mo, "i}- By the Poincarc-Birkhoff-Witt theorem, the 

graded Hilbert series of {Pp]^)'^ (8>z Q = Q{uo,ui, . . . ) is equal to the graded 
Hilbert series of the symmetric algebra on Q{uo, ui, . . . }. On the other hand, 
the Hilbert series of Pp^^ <8) ZQ is equal to the Hilbert series on the symmetric 
algebra on Tp"J^ Q- So (Tp^)* (g)^ Q and (Q{mo,mi, . . . } have the same 
graded Hilbert series, and must therefore be equal. If we take the completion, 
we get (Tp-^)^ (8)zQ = Q{{uo,ui, ■•■}}■ The proof for matroids is similar and 

One can choose a basis in the free Lie algebra. We will use the Lyndon basis. A 
word (in some alphabet A with a total ordering) is a Lyndon word if it is strictly 
smaller than any cyclic permutation of w with respect to the lexicographic 
ordering. In particular, Lyndon words are aperiodic. If a G N, we define 
6(a) := Ua. If a = aia2 • • ■ oid is a Lyndon word of length d > 1, we define 
6(a) = [b{up),b{u-y)] where 7 is a Lyndon word of maximal length for which 
a = f3j and /3 is a nontrivial word. The Lyndon basis of Q{uo, "i} (respectively 
Q{mo, Ml, . . . }) is the set of all 6(0;) where a is a word in {0, 1} (respectively N). 
For details, see [2^. Define tJJ™((i, r) (respectively tp-^{d,r)) as the set of all 
Lyndon words a in the alphabet {0, 1} (respectively N) of length d with \a\ = d. 
The following theorem follows. 

Theorem 10.2. The space (T^p'l^)^ {d,r) ®z Q of Q-valuative additive invari- 
ants for (poly) matroids on d of rank r has the basis given by all 6(a) with 
^ P(p')m(^''')- 

Example 10.3. For = 6, r = 3 we have 

i^"'(6,3) = {000111,001011,901101} 

f and 

t^y™(6,3) = {000003,000012,000021,000102,000111, 

000201, 001002, 001011, 001101}. 

Proposition 10.4. The Hopf algebra P^^ Q is isomorphic to the ring 
QSym of quasi- symmetric functions over Q. 

Proof. If we set Ui — Pi+i then the associative algebra Pp^®iQ_ is isomorphic 
to NSym = Q(pi,P2, ■ ■ ■)■ The ring NSym has a Hopf algebra structure with 
^(Pi) = Pi 'S5 I -\- I Pi (see 0, §7.2]). The reader may verify that 

A{ui) = 1 + 1 Mj. 

This shows that the isomorphism is a Hopf-algebra isomorphism. It follows that 
Pp-^ ®z Q is isomorphic to QSym, the Hopf-dual of NSym. 
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If we identify -Pp^ ®i Q with QSym, then Q is equal to V'rm ■ 

If a multiphcative invariant is also valuative, then there exists a group homo- 
morphism / : P^^" ~^ ^ ^^'^'^ ^'^^^ / = / ° Since "0*15" onto, / is a ring 

homomorphism as well. So there is a bijection between valuative, multiplicative 
invariants with values in A, and ring homomorphisms / : -Pf'^ — > A. By Corol- 
lary [^21 the ring P^^" ^ polynomial ring, so ring homomorphisms P^^ — >■ ^ 
are in bijection with set maps to A from a set of generators G of P^^- One 
such set is a lift of a basis of m*M /ni . The next corollary follows. 

Corollary 10.5. The set of valuative, multiplicative invariants on the set of 
*matroids with values in A is isomorphic to Homz(m*j\f /mj^^, A). 
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Appendix A. Equivalence of the weak and strong valuative property 



In this section we will prove that the weak valuative property and the strong 
valuative property are equivalent. 

For a megamatroid polyhedron 11, let vert (11) be the vertex set of the 
polyhedron. Let WuMid^r) be the subgroup of ZMuid^r) generated by all 
'7T.vai(n; Hi, . . . jllfe) where 11 = Hi U • • • U 11^ is a megamatroid polyhedron 
decomposition. Define WMM{d,r,V) as the subgroup generated by all the 
mvai(n; Hi, . . . , Hfe) where vcrt(n) C V. 

A meg amatroid rk : 2^ ^ Z U oo is called bounded from above if rk(i) < oo 
for i = 1,2, . . . , d. The group W^y^{d, r) is the subgroup of ZMM{d, r) generated 
by all mvai(n; Hi, ... , 11^) where 11 is bounded from above, and W^y^{d, r, V) 
is the subgroup of Zuuid, r) generated by all mvai(n; Hi, ... , 11^) where 11 is 
bounded from above and vert(n) C V. 

Lemma Appendix A.l. // rk is a megamatroid bounded from above, then 
there exist megamatroids rki , . . . , rk^ which are bounded from above and integers 
ai, . . . ,ak such that 



(rk) - ^a,(rk,) G M^+M(d, r, vcrt(n)) 
1=1 

and vert((5(rki)) consists of a single vertex of II := Q(rk) for all i. 

This lemma follows from the Lawrence- Varchenko polar decomposition of Q(rk) 



16l . l28j . For explicitness we give a proof. 



Proof. Let T be the group generated by Wj^]y[((i, r, vert(n)) and all mega- 
matroid polyhedra F which are bounded from above, and whose vertex set 
consists of a single element of vert(n). We prove the lemma by induction on 
|vert((5(rk))|. If |vert(n)| = 1 then the result is clear. Otherwise, we can find 
vertices v and w of 11 such that v~w is parallel to — ej for some i, j with i > j. 
Consider the half-line L = R>o(ei — Cj) where ]R>o is the set of nonnegative real 
numbers. Let 11 + i be the Minkowski sum. Let us call a facet of 11 a shadow 
facet if (F -I- L) n n = J^. Suppose that Fi, . . . ,Fj are the shadow facets of 11. 
We have a megamatroid polyhedron decomposition 

U + L = nu {Fi + L) U ■ ■ ■ U {Fj + L). 

Note that Il + L, Fi+L, . . . , Fj+L are bounded from above. The set vert(n-l-L) 
is a proper subset of vert(n) because it cannot contain both v and w. Also 
vert{Fi + L) is contained in vert(Fi) for all i, and is therefore a proper subset 
of vert(n) for all shadow facets F. The element 

(rk) + ?7ivai(n + L; n, Fi + L, . . . , + L) 

is an integral combination of terms (rk') where Q(rk') is a face of 11 + i or a 
face oi Fi + L for some i. In particular, for each such term (rk'), the polyhedron 



45 



Q(rk') is bounded from above, and vcrt((5(rk')) is a proper subset of vert(Q(rk)). 
Hence by induction 

(rk) + mvai(n + L:Il,Fi+L,...,F^+L)e T. 

Now it follows that (rk) e T. 

Proposition Appendix A. 2. Suppose that rki,...,rkfc are megamatroids 
which are bounded from above and ai, . . . , are integers such that 

k 

^a,[Q(rkO] =0. 

i=l 

Then we have 

k 

^a,(rk,) 6 W+^{d,r,V) 
where V = Ui=i '^crt((5(rki)). 

Proof. First, assume that Q{rki) has only one vertex for all i. We prove the 
proposition by induction on d, the case d = 1 being clear. We will also use 
induction on k, the case fc = being obvious. 

For vectors y = (i/i, . . . , yd) and z ~ (zi, . . . , z^), we say that y > z in the 
lexicographic ordering if there exists an i such that yj = Zj for j — 1, 2, . . . , i — 1 
and j/i > Zi. If rk is a megamatroid bounded from above, and Q(rk) has only one 
vertex v, then v is the largest element of (5(rk) with respect to the lexicographic 
ordering. 

Assume V = {vi, . . . ,Vm}, where vi > V2 > ■ ■ ■ > v,n in the lexicographical 
ordering. Assume that Q(rki), . . . , Q(rk„) are the only megamatroids among 
(5(rki), . . . , (5(rkfe) which have vi as a vertex. Because vi is largest in lexico- 
graphic ordering, vi does not lie in any of the polyhedra (5(rk„+i), . . . , Q(rkfc). 
Because these polyhedra are closed, there exists an open neighborhood U of vi 
such that U D Q(rkj) = for j = n + 1, . . . , fc. If we restrict to U, we sec that 

k n 

^a,[Q(rk,) nU]=J2 a4Q(rk,) n C/] - 

i=l i=l 

Since Q(rki), . . . , Q(rk„) are cones with vertex vi, we have 

n 

and 

k 

i—n-\-l 
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If n < A;, then by the induction on A:, we know that 

n 

^a,;(Q(rk),)eiy+M(d,r, V) 



and 



hence 



J2 a^iQiiK)} eW+^id,r,V), 



i—n-\-l 



i=i 

Assume that n ~ k, i.e., (5(rki), . . . , Q(rkfc) aU have vertex vi. After trans- 
lation by —vi, we may assume that r ~ 0, and vi ~ 0. Now (5(rki), . . . , (3(rkfe) 
are ah contained in the halfspace defined hy yd > inside the hyperplane 
yi + h 2/d = 0. 

Define 

p:{ye W'-' I yi + • ■ • + Vd-i = -1} ^ {y e K'^ I yi + • ■ • + yd = 0} 

by p(yi, . . . ,yd_i) = (yi, . . . , y^-i, 1). Assume that p"i((3(rk,)) ^ for i = 
1, 2, . . . , t and p-^{Q(j:k,)) = for i = t + 1, . . . , fc. For i = 1, 2, . . . , i, define 
megamatroids rk'; : 2^^ ZU {oo} such that Q(rk^) = p^^(Q(rki)). We have 



^ a4Q(rk:)] = ^ a,[Q(rkO)] o p ^ 0. 



i=i i=i 



Note that Q(rk^) is bounded from above and vert((5(rk^)) C {— ei, . . . , — e^-i} 
for i — 1, 2, . . . , t. By induction on d we have 

t 

J2 a^{rK) e W+^{d - 1, -1, {-ei, -62, . . . , -erf_i}). (A.l) 

i=l 

If r is a megamatroid polyhedron inside yi + • • • + yd-i = ^1 which is bounded 
from above, and vert(r) C {— ei, . . . , — Cd-i}, then define C(r) as the closure 
of M>o/5(r). Note that C{T) is also a megamatroid polyhedron. Define 

7 : Zuuid, -1, {-62, . . . , -Cd}) Zuuid, 0, {0}) 

by 7((rk)) — (rk), where rk is given by Q{rk) = C(Q(rk)). 
If 

Q(rk') -g(rk;)U---UQ(rk;) 
is a megamatroid decomposition inside {y G R'' | yi + • ■ • + yd-i = ^ l}i then 

C(Q(rk')) = C(g(rk;)) U • • ■ U C(Q(rk;)) 
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is also a megamatroid decomposition inside yi + • ■ ■ + yd = 0- 
So 7 maps W^^{d, -1, {-ei, . . . , -ed-i}) to W^^{d, 0, {0}). 
Applying 7 to (jA.ip we get 

t t 
7(^a,(rk'j) =^a,;(rk,;) G 0, {0}). 

i=l 1=1 

From this follows that X]*=i = 0. Since ai[<3(^ki)] = 0, we have 

that X]i=t+i ajiQC^ki)] = 0. Since (5(rki) is contained in the hyperplane defined 
by 2/d = for i = t + 1, . . . , fc, we can again use induction on d to show that 

k 

i=t+l 

Wc conclude that 

k t k 

^a,(rk,) = ^a,(rk,) + ^ a,(rk,) £ 1^+^(0?, r, {0}). 

i=l i=l i=t+l 

Assume now we are in the case where rki , . . . , rk^ are arbitrary. By Lemma 
[Appendix A.l[ we can find megamatroids rk^j- bounded from above with only 
one vertex which is contained in the set V , and integers j such that 

(rk,) - ^ c,j(rk,;j) e W+^{d, r, V) 
j 

It follows that X]i=i fljCij [Q(rkij )] = 0. From the special case considered above, 
we obtain 

k k 

^ a^(rk,) = XI X! ^mmid, r, V). 

i=l i—1 j 

Proof of Theorem 13.51 It suffices to show that the kernel of '^mm is con- 
tained in IVMM(rf, Suppose that 

fc fe 
^-MM {^ai (rki)) = ai [Q(jk,)] = 0. 

i=l i=l 

Let sgn :R—>-{— 1,0,1} be the signum function. For a vector 7 = (71 , . . . , 7^) G 
{-1,0,1}'' and a megamatroid polyhedron 11, define 

n'' = {(2/1, • • • , yd) e n I Vz (sgny; = 7, or y, = 0)}. 

For every j we have a megamatroid polyhedron decomposition 

n,= U n] (A.2) 

7e{-i,i}'';nj#0 
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where 7 runs over {—1,1}''. Intersections of the polyhedra U] , 7 G { — 1,1} 
are of the form U] where 7 e {-1,0, 1}'^. If U] ^ 9 define rk] such that 
Q(rk7) = nj. From (1X2]) it follows that 

mvai(n,; {nj}^g{_i,ij.) = (rk,) - ^ ^''(rk^) G l^MMKr) (A.3) 

7e{-i,o,i}'';n7#0 

where the coefficients b'' € Z only depend on 7. (One can show that = 
(^^lyii) where 2(7) is the number of zeroes in 7. but we will not need this.) 
For every 7 we have 

For a given 7, we may assume after permuting the coordinates that 71 < 72 < 
• ■ ■ < 7(i- It then follows that 11/ is bounded from above for all i. By Proposi- 
tion [Appcndi^^3 we have 

Eaj(rk7) e WMMid,r) 

i 

for all 7. By (|A.3|) we get 

k 
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Appendix B. Tables 

Below are the tables for the values ofppuid, r), puid, r), p^^{d, r), r), 
tpM{d,r), tM{d,r), tp^{d,r), t^™(c?, r) for d < 6 and r < 6. Rows correspond 
to values of d and columns correspond to values of r: 



d 








1 


2 


3 


4 


5 


6 







1 


2 


3 


4 


5 


6 





1 

















1 














1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 












2 


1 


3 


5 


7 


9 


11 


13 


2 


1 


3 


1 










6 


i 


1 




Q7 
O ( 


Di 


ni 

yi 


iz ( 


Q 


i 


1 


I 


1 
i 








4 


1 


15 


65 


175 


369 


671 


1105 


4 


1 


15 


33 


15 


1 






5 


1 


31 


211 


781 


2101 


4651 


9031 


5 


1 


31 


131 


131 


31 


1 




6 


1 


63 


665 


3367 


11529 


31031 


70993 


6 


1 


63 


473 


883 


473 


63 


1 


sym 
PpM 





1 


2 


3 


4 


5 


6 


sym 





1 


2 


3 


4 


5 


6 





1 

















1 














1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 












2 


1 


2 


3 


4 


5 


6 


7 


2 


1 


2 


1 










3 


1 


3 


6 


10 


15 


21 


28 


3 


1 


3 


3 


1 








4 


1 


4 


10 


20 


35 


56 


84 


4 


1 


4 


6 


4 


1 






5 


1 


5 


15 


35 


70 


126 


210 


5 


1 


5 


10 


10 


5 


1 




6 


1 


6 


21 


56 


126 


252 


462 


6 


1 


6 


15 


20 


15 


6 


1 







1 


2 


3 


4 


5 


6 


^M 





1 


2 


3 


4 


5 


6 




































1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 












2 




1 


2 


3 


4 


5 


6 


2 




1 












3 




1 


4 


9 


16 


25 


36 


3 




1 


1 










4 




1 


8 


27 


64 


125 


216 


4 




1 


4 


1 








5 




1 


16 


81 


256 


625 


1296 


5 




1 


11 


11 


1 






6 




1 


32 


343 


1024 


3125 


7776 


6 




1 


26 


66 


26 


1 




,sym 
''PM 





1 


2 


3 


4 


5 


6 


,sym 
'•M 





1 


2 


3 


4 


5 


6 




































1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 












2 




1 


1 


2 


2 


3 


3 


2 




1 












3 




1 


2 


3 


5 


7 


9 


3 




1 


1 










4 




1 


2 


5 


8 


14 


20 


4 




1 


1 


1 








5 




1 


3 


7 


14 


25 


42 


5 




1 


2 


2 


1 






6 




1 


3 


9 


20 


42 


75 


6 




1 


2 


3 


2 


1 





The tables for pM , , ^pm ' ^m™ '^^'^ computed recursively using the equa- 
tions for the generating functions in Theorems 11.51 and 11.61 The values for 
PpMjPpm ,Pm™' ^PM 8.re trivial to compute, but are included here for compar- 
ision. The tables of p^^ and p^™ are of course related to Pascal's triangle. 
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The table for appears in Sloane's On-line Encyclopedia of Integer Se 



quences [25| as sequence A046802. These numbers also appear in [2J]. We 
have tM^d^ r) = E{d — 1, r — 1) for d, r > 1, where the E{d^ r) are the Eulerian 
numbers. See the Handbook of Integer Sequences [2^, sequences A008292 and 
A123125. The sequences tp^ and are related to sequences A059966, 
A001037, and the sequence A051168 denoted by T{h,k) in We have 

f^^{d, r) = T{d - 1, r) for d > 1 and r > 0, and r) ^T{d-r- 1, r) if 

<r <d. 



Index of selected notations 

A subscript mm or pm or m on a notation refers to the variant relating 
respectively to megamatroids or polymatroids or matroids. The subscript ,m 
stands in for any of mm or pm or m, while (p)m stands in for either of pm or m- 

Notations below with a dagger may have the parenthesis (d, r) omitted, in 
which case they refer to direct sums over all d and r. These arc introduced on 
pageHni 



[n] indicator function of a set 11 , |3l [13] 

A^,M{d,r) t the Z-module generated by all [R*m{2L,l)] with {2L,l) G a*M(d. r). [25l 

a*M(rf, r) index set. [25] 

B^M{d,r) the group generated by all [Q(rk)] — [Q(rkocr)], [M] 

E the map ^^((rk)) = J2f(^'^p)' ^ ranging over faces of rk. IT^ 

face(n) the set of faces of a polyhedron H, [12] 

T Billera-Jia- Reiner quasi-symmetric function, [5] 

Q polymatroid invariant, [3] 

l[X) length of a chain X, [15] 

Ihull(F) hnear hull of F, [5] 

P*M{d,r) t the Z-module on indicator functions [Q(rk)]. [3l [13] 

P*M (d, r, e) filtration of P»m , [33] 

P^.M{d, r, e) associated graded of P*m, [33] 

r) t P/B, the symmetrized version of P*m, [31 [M] 

P:r(d, r, e) fihration of P^ZmM^ 

P*M ('^i ^1 associated graded of P^m MSI 

P(p)m('^i r) rank of P(p)m(c'j the number of independent valuative functions, l4] 

p^p"j^(c?, r) rank of P|r-^^(d, r), the number of independent valuative invariants, l4] 

P{P)M {d, r, e) rank of P(p)m {d,r,e),^ 

pIp)m i^' ^) ^■^'^'^ °f P{l)M {d,r,e),^ 

P*M(rf, r) index set for a basis of P^mI^^, r), [19] 

P*m"('^' index set for a basis of P^^^((i, r). [25] 

(5(rk) base polytope of a megamatroid, H] 

i?*M(;Kir) a (mega-, poly-)matroid whose polytope is a cone. [T5] 

rkn rank function of a polytope IT, [5] 

Sx,r the indicator function for the chain X_ having ranks r, [19] 
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the average of sx,r under the symmetric group action, [521 

S antipode H ~^ H in a Hopf algebra, [301 

S^M{d,r) set of (mega-, polv-)matroids. [2l [TT] 

5^^p"J^(d, r) isomorphism classes of (poly)matroids, [2] 

T Tutte polynomial, [5] 

T,M(d,Ot i^*M(rf,r,l),[SS] 

TX(d,r)t Pr(d,r,l),|4l] 

^(p)m('^j ^) rank of T(p)m('^j number of independent additive functions, 1351 

t^p™j^((i, r) rank of r^''p"^(fi, r), number of independent additive invariants, 21] 

t*M(rf, J') index set for a basis of r*M(rf, r), [371 

t(p™j^(d, r) index set for a basis in (Tj'^"^(d, r))^ ®z Q, [33] 

{J7fj} basis of the ring of quasisymmetric functions, [5] 

{ua} dual basis of {Ua}, basis of Q-valued invariants. [^ 

dual space of [3] 

y# graded dual space of V, [32] 

vert(n) set of vertices of a polyhedron 11, [35] 

VFMM(rf, ?') subgroup of ZuMid, r) generated by aU mvai(n, ■ ■ ■)s, [45l 

WMM(rf, r, V) ditto, n having all vertices in V, [45l 

Wmm(- • ■ )^ ditto, n bounded from above, [45] 

Y^,M{d,r) the group generated by all (rk) — (rkog).[24l 

Z»M(rf, J^) t the Z-module on (mega-, polv-)matroids. \7\ [TT] 

Zl^{d,r) t ^/i^, the symmetrized version of Z.[2l[24l 

AM(rf, J') hypersimplex defined by j/i -I- • • ■ + = < < 1, [7| 

ApM(d, r) simplex defined by ?/i H h j/d = r, > 0, [3 

A comultiplication H ^ H ^ H ^T-L for a Hopf algebra H, [29] 

77 unit in a Hopf algebra, [29] 

V multiplication H <S) H —?' H in a. Hopf algebra, [51] 

e counit in a Hopf algebra, [30] 

n° relative interior of a polyhedron H, [13] 

ttmm the quotient map Zuu {d, r) ^mm (^^j ^) ' EH 

/9mm the quotient map PMM(rf, r) Puuid; r), [21 

the map *mm : ^MM(d,r) ^ PmmK'^), «'*M((rk)) = [Q(rk)],[I3] 
the map I-mm : ^mmK^) ^ PMiviKr-), «'MM((rk)) = [Q(rk)°], [H 
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